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Shape memory alloy (SMA) dampers are widely investigated passive control systems for

structural vibration mitigation. However, the damping robustness of conventional austenite

SMA dampers may be a®ected by environmental temperature. In this study, an innovative
double SMA damper (DSD) system is presented to improve the temperature robustness of the

SMA dampers. In the proposed system, double SMA hysteretic elements with di®erent phase

transition temperatures are arranged in parallel, where the SMA element with lower transition

temperature behaves as austenite under room temperature, and the other with higher transition
temperature behaves as martensite. To study the vibration control e®ect, both single-degree-of-

freedom (SDOF) and multiple-degree-of-freedom (MDOF) structures with DSD systems are

employed. The thermal and mechanical behaviors of the SMA elements and the working
principle of DSD are also introduced. Thereon, the equivalent linearization method for SMA's

output force and the motion-governing equations for SDOF structure with DSD are derived.

Moreover, parametric studies are conducted to investigate the performance of the proposed

DSD system in both frequency and time domains. Also, numerical analysis for the MDOF
structure with DSD systems is carried out to illustrate the trend in response reduction with an

increasing number of degrees of freedom. The analytical results show that the DSD can mitigate

the structural seismic response more e®ectively than the conventional one with acceptable

residual deformation, and is capable of delaying the degradation of SMA's energy dissipation
capacity. Less SMA material is required for the proposed DSD to ful¯ll the same mitigation

requirement, and it is suitable for general applications for temperature robustness.

Keywords: Shape memory alloy, temperature robustness, structural vibration control, struc-

tural dynamics.

1. Introduction

In recent years, frequent hazardous events (e.g. earthquakes and hurricanes) have

caused numerous property damages and casualties.1,2 The development of technol-

ogies of structural vibration control3–6 and structure retro¯t7–10 can improve the

seismic performance of structures. To mitigate the seismic response of structures,
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di®erent kinds of structural control systems11–27 have been presented by researchers

all over the world, including active,28,29 semi-active,19,30–32 passive,11,14,17,22–24,33 and

intelligent systems.34,35 Among these structural control systems, shape memory alloy

(SMA) damper25–27,35 has become a popularly investigated control system because of

its high damping and re-centering capacities.36,37

As an intelligent solid–solid phase transformation material, the potential of SMA

has been receiving increasing attention from scholars and engineers in the ¯elds of

aerospace and civil engineering.26,27,37–48 Induced by temperature or stress, SMA can

be transformed from one phase to another, and its shape will return to the original

phase if the temperature or stress recovers to the original state (Fig. 1), which is

referred to as the shapememory e®ect. It should be noted that if SMA is in an austenite

state, the residual deformation can be eliminated,34 and this is the well-known super-

elasticity.Detailed thermal andmechanical behaviors of SMAare introduced in Sec. 2.

Considering the shape memory e®ect and super-elasticity, SMA can be considered

as a promising energy dissipation material in the ¯eld of structural vibration con-

trol.42,49–53 Araki et al.44,54 presented a super-elastic Cu–Al–Mn SMA tensile device

by employing SMAs as energy dissipating and self-centering elements, whose e®ec-

tiveness was validated via experiments. Mishra et al.27 presented a tuned mass

damper (TMD) assisted with an SMA element based on the phase transition

mechanism, which could suppress the TMD displacement more e®ectively with the

same mass ratio of TMD to the primary structure. In addition, Wang et al.37 pro-

posed an innovative U-shaped SMA damper, whose e®ectiveness on structural

response mitigation was also validated by experimental studies.

However, SMA-based control systems have not been widely employed in practice

because of the high material costs,53 although some recently introduced SMAs (such

as Cu–Al–Mn SMA44) could be obtained at a lower cost. In addition, four speci¯c

obstacles keep SMA's potential from being fully utilized. (1) The lower fracture level

(short fatigue life) of some SMAs is unsatisfactory to employ for vibration control of

structures su®ering frequent oscillations. For example, 100,000 working cycles of

SMAs in stayed cables are expected for wind-resistance each day, whereas fatigue

fracture will occur in Cu–Al–Be SMA under 2000 cycles (although it is acceptable for

Fig. 1. Phase transition diagram of SMA.
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anti-earthquake dampers).55 (2) SMA elements might experience buckling under

compressive loads, which may result in a poor energy dissipation e®ect of SMA-based

control systems. (3) There is a design contradiction between the large SMAdeformation

(positively correlated with the capacity of energy dissipation) and the small structural

displacement.35 (4) SMA is highly sensitive to the environmental temperature41,55 and

the seasonal temperature e®ect (i.e. seasonal temperature between winter and summer

could modify the shape of SMAs hysteresis loop) may result in damper failure.

Under this circumstance, many scholars have devoted themselves to addressing

these issues and improving the performance of SMA-based control systems. In terms

of issue (1), more adaptive types of SMAs (such as Ni–Ti SMA55) could be employed

in situations where frequent and long-duration oscillations occur. Regarding issue

(2), many novel devices have been put forward to overcome this di±culty from the

perspective of mechanics.37,46,54 In these works, SMA elements are subjected to

tensile strain all the time, regardless of structural moving direction. As for issue (3),

Jia et al.35 proposed an SMA damping inerter to fully utilize the damping potential

of SMA by introducing a two-terminal inerter element2,23,56 to enlarge the SMA

deformation. By this means, the system's ability to dissipate seismic energy is en-

hanced, indicating that a lower SMA material cost is required to ful¯ll the same

structural response mitigation requirement. Concerning issue (4), only certain

references36,41,55 have presented that SMA's damping capacity degrades as the

temperature increases. Considering that the ambient temperature of structures could

vary dozens of Celsius degrees in a given region in a year, especially in high-altitude

regions, it is of great importance to enhance the temperature robustness for SMA-

based dampers, which is the main target of this work.

Therefore, to improve the temperature robustness of SMA dampers, this study

presents an innovative double SMA damper (DSD) system, which employs two

hysteretic SMA elements with di®erent phase transition temperatures. In Sec. 2, the

analytical models of DSD-¯tted single-degree-of-freedom (SDOF) structures, the

constitutive behaviors of SMA elements, and the working principle of the DSD

system are introduced. In Sec. 3, the equivalent linearization method for SMA's

output force and the motion-governing equations are given. In Sec. 4, parametric

studies for DSD's performance are implemented. To verify DSD's e®ectiveness,

frequency-domain and time-domain analyses are given in Sec. 5. On top of that, the

theoretical and numerical analyses for multiple-degree-of-freedom (MDOF) struc-

tures with DSD systems are given in Sec. 6 to illustrate the extensibility of the

proposed system. Finally, conclusions are drawn in Sec. 7.

2. Outline of a DSD System

2.1. Analytical models for DSD-¯tted structures

As shown in Fig. 2(a), an analytical model of an SDOF structure with a DSD system

is employed to investigate DSD's performance. The SDOF structure adopted in this
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study consists of a structural massm, a linear structural spring part k, and structural

damping c. In the proposed DSD system, two SMA hysteretic elements with di®erent

phase transition temperatures are arranged in parallel. The SMA element with lower

phase transition temperatures is referred to as L-SMA, and the other with higher

phase transition temperatures is referred to as H-SMA, whose initial sti®ness coef-

¯cients are denoted as kl and kh, respectively. It should be noted that, under room

temperature, the L-SMA in DSD behaves as austenite while the H-SMA element

behaves as martensite. A conventional austenite SMA damper that consists of an

L-SMA element with initial sti®ness ks is also utilized as a comparison to DSD (as

shown in Fig. 2(b)).

Considering that the phase transition temperatures of SMA range from minus

dozens to a thousand Celsius degrees,40,57 the commonly used Ni–Ti SMA,58 is

employed and set with reasonable but di®erent phase transition temperatures to

generate L-SMA and H-SMA, whose default values of parameters are shown in

Table 1. DA and DM are elastic moduli of austenite and martensite phases, respec-

tively. � is related to the thermal coe±cient of expansion of SMA, and "l is the

maximum residual strain. CM and CA are material properties, which describe the

relationship between the temperature and critical stress values (� cr
s and � cr

f ). Mf ,

Ms, As, and Af are four vital phase transition temperatures of SMA, which repre-

sent martensite ¯nish, martensite start, austenite start, and austenite ¯nish transi-

tion temperatures, respectively, and satisfy the relation of Mf < Ms < As < Af .

(a) With DSD (b) With a conventional SMA damper

Fig. 2. Analytical models of SDOF structures installed with (a) DSD and (b) a conventional SMA damper.

Table 1. Default values of parameters of L-SMA and H-SMA elements.

Thermodynamic

parameters

Transition

parameters

Transition temperatures

of L-SMA

Transition temperatures

of H-SMA

DA ¼ 67000MPa CM ¼ 8MPa/�C Mfl ¼ �41:7�C Mfh ¼ �26:0�C
DM ¼ 26300MPa CA ¼ 13:8MPa/�C Msl ¼ �37:2�C Msh ¼ �16:6�C
� ¼ 0:55MPa/�C � cr

s ¼ 300MPa Asl ¼ �27:3�C Ash ¼ �0:5�C
"l ¼ 0:067 � cr

f ¼ 400MPa Afl ¼ �19:1�C Afh ¼ 14:0�C

Notes: Subscripts l and h represent L-SMA and H-SMA, respectively.
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2.2. Thermal and mechanical behaviors of SMAs

As mentioned above, SMA can be transformed from one phase to another when

induced by temperature or stress. This complex relationship of the SMA phase

transition can be illustrated with the phase diagram59 as shown in Fig. 3, in which

the temperature T is on the x-axis and the critical stress �crit is on the y-axis. � cr
s and

� cr
f are critical stresses when the martensite transformation starts and ¯nishes sub-

jected to the condition of T < Ms, respectively. In the diagram, �a, �b, �c, and �d are

four critical stress lines dividing the phase diagram into ¯ve regions. SMA located in

Region I, III, and V behaves as pure martensite, the coexistence of martensite and

austenite, and pure austenite, respectively. Under the e®ects of loading, unloading,

heating, or cooling, the state of SMA can cross Region II or IV to achieve the phase

transition. Considering the temperature has a great e®ect on SMA's phase transition,

constitutive behaviors of SMA are discussed in the following sections by classifying

the temperature into three categories: T < As, As < T < Af , and T > Af .

2.2.1. Constitutive behavior of SMA subjected to T < As

As for SMA subjected to T < As shown in Fig. 4, SMA is subjected to the elastic

deformation in the state of coexistence of martensite and austenite or pure mar-

tensite from O to A (A0). The slope of the line OA (OA0) is denoted as k1. The

direction of the skeleton curve changes at point A (A0), which is analogous to the

yielding point of the steel. From A (A0) to B (B0), the displacement of SMA increases

substantially, and a further increase of load makes SMA break. The slope of the line

AB (A0B0) is denoted as k2. SMA is completely transformed into stress-induced pure

martensite at point B (B0). Unloading from point B (B0) to E (E0), a small part of

strain is recovered (the residual strain can be fully eliminated after heating SMA

owing to the shape memory e®ect), and the slope of the line BE (B0E0) is denoted as

k3. Finally, reverse loading begins.

According to the theory given by Du et al.,58 coordinates of the characteristic

points in Fig. 4 are shown in Table 2, where S and L are the cross-sectional area and

Fig. 3. Phase diagram of martensite and austenite transformations of SMA.
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the length of the equivalent elastic rod of the SMA element, respectively. � is the

proportion of martensite in SMA. In this study, SMA in Fig. 4 is assumed to be pure

martensite in its initial state for convenience (i.e. � ¼ 1 and k1 ¼ DMS=LÞ. �ðT�
MsÞ is a unit step function de¯ned as

�ðT�MsÞ ¼
1; if T � Ms

0; if T < Ms

�
: ð1Þ

2.2.2. Constitutive behavior of SMA subjected to As < T < Af

Brinson59 presented that martensite and austenite could coexist in SMA when the

temperature is between As and Af , and SMA's displacement could be recovered

partially after unloading (as shown in Fig. 5(a)). Considering most of the SMA

deformation is concentrated in the zone with low values (shadow area in Fig. 5), the

force–deformation behavior in this stage could be simpli¯ed by ignoring the partial

displacement recovery (Fig. 5(b)). That is, the constitutive behavior of SMA sub-

jected to As < T < Af is assumed to be the same as SMA subjected to T < As.

2.2.3. Constitutive behavior of SMA subjected to T >Af

In terms of SMA subjected to T > Af as shown in Fig. 6, from O to A (A0), SMA is

subjected to the elastic deformation in a pure austenite state. The slope of the line

OA (OA0) is denoted as k1. SMA begins to be transformed into martensite at point

Fig. 4. Constitutive behavior of SMA subjected to T < As.

Table 2. Coordinates of the characteristic points of the constitutive behavior of SMA subjected to T < As.

Load Displacement Sti®ness

Fa ¼ ½� cr
s þ �ðT�MsÞCM ðT�MsÞ�S ua ¼ FaL=DMS k1 ¼ ½DAð1� �Þ þDM��S=L

Fb ¼ ½� cr
f þ �ðT�MsÞCM ðT�MsÞ�S ub ¼ ðFb=DMSþ "LÞL k2 ¼ ðFb � FaÞ=ðub � uaÞ

Fe ¼ k2ðue þ ubÞ � Fb ue ¼ ½2Fb � ðk2 þ k3Þub�=ðk2 � k3Þ k3 ¼ DMS=L

Y.-Q. Jia et al.
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A (A0) and will be completely transformed into stress-induced pure martensite at

point B (B0), in which state the SMA displacement increases greatly and the load

increases slowly. The slope of the line AB (A0B0) is denoted as k2. Further increase of

load makes SMA elongate elastically, which is not shown as the displacement ex-

ceeding ub is ignored in the design for conservation reasons.

Unloading from the point B (B0) to C (C0), the strain is recovered elastically in a

pure martensite state, and the slope of the line BC (B0C0) is denoted as k3. Subse-

quently, from point C (C0) to D (D0), SMA is transformed from martensite to

austenite rapidly, and the strain is recovered substantially. The slope of the line CD

(C0D0) is denoted as k4. Finally, SMA is elastically recovered to the initial state in the

pure austenite phase, and reverse loading begins. Coordinates of the characteristic

points58 in Fig. 6 are shown in Table 3.

Fig. 5. Constitutive behavior of SMA subjected to As < T < Af .

Fig. 6. Constitutive behavior of SMA subjected to T > Af .
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2.3. Working principle of the DSD system

2.3.1. Degradation of SMA's energy dissipation capacity

Before illustrating the working principle of the DSD system, it is necessary to display

how SMA's energy dissipation capacity degrades with the temperature increasing.

According to the one-dimensional constitutive behavior of SMA proposed by

Brinson,59 the constitutive relationship of SMA (L-SMA is utilized here as an

example) under varying temperatures ranging from �10�C to 40�C can be derived

programmatically with Matlab (shown in Fig. 7). It can be observed that with the

increasing temperature, the yielding point moves up to the right and the hysteretic

loop becomes smaller. In addition, according to these constitutive relationships, the

areas of their hysteretic loops can be calculated (shown in Fig. 8), which represent

the capacity of SMA's hysteretic energy dissipation (in the form of strain energy).60

It could be seen that the energy dissipation capacity decreases by 62.5% with the

temperature increasing from �10�C to 40�C. Therefore, a conventional SMA

damper could only perform well in a narrow temperature range (such as the room

temperature),27 and its performance will degrade signi¯cantly under higher tem-

peratures. Therefore, it is of great signi¯cance to study the feasibility of the

DSD system that may work well under varying temperatures and replace the con-

ventional one.

Table 3. Coordinates of the characteristic points of the constitutive behavior of SMA

subjected to T > Af .

Load Displacement Sti®ness

Fa ¼ ½� cr
s þ CM ðT�MsÞ�S ua ¼ FaL=DA k1 ¼ DAS=L

Fb ¼ ½� cr
f þ CM ðT�MsÞ�S ub ¼ ðFb=DMSþ "lÞL k2 ¼ ðFd � FbÞ=ðub � udÞ

Fc ¼ CAðT�AsÞS uc ¼ udþðFc � FdÞL=DMS k3 ¼ DMS=L

Fd ¼ CAðT�AfÞS ud ¼ FdL=DA k4 ¼ ðFc � FaÞ=ðuc � uaÞ

Fig. 7. Constitutive relationship under varying temperatures ranging from �10�C to 40�C.
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2.3.2. Working principle of the DSD system

With aforementioned analyses, hysteresis loops of three di®erent types of SMA

dampers, i.e. SMA damper composed of H-SMA element, SMA damper composed of

L-SMA element, and DSD composed of both L-SMA and H-SMA elements, are

shown in Fig. 9, where three typical ambient temperatures of buildings (�10�C,
15�C, and 40�C) are considered. The skeleton curves of the SMA damper with the

H-SMA element are shown in Fig. 9(a). When the temperature is lower than the

austenite ¯nish temperature of H-SMA (Afh ¼ 14�C), H-SMA is transformed into

martensite, and SMA damper with H-SMA will remain a large residual deformation

Fig. 8. Relationship between SMA's energy dissipation capacity and temperature.

Fig. 9. The variations of the shapes of SMA's hysteresis loops under varying temperatures.
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under seismic excitation. For this reason, this type of SMA damper has not received

too much research interest from scholars.

Moreover, the skeleton curves of the SMA damper with the L-SMA element under

di®erent temperatures are shown in Fig. 9(b). L-SMA is transformed into austenite

when the temperature is higher than the austenite ¯nish temperature of L-SMA

(A°= −19.1�C), and an insu±cient hysteresis loop will occur with the temperature

increasing. As presented in the previous section, the energy dissipation capacity of

the SMA element decreases with the temperature increasing (Fig. 8), which limits

the application of the SMA damper with the L-SMA element in structures under

higher temperatures.

As shown in Fig. 9(c), for the proposed DSD system, the area of the hysteresis

loop is su±cient, and the residual deformation is negligible in a wide range of tem-

peratures from �10�C to 40�C. Thus, the combination of advantages of H-SMA and

L-SMA elements can be realized in DSD, for it remains negligible residual defor-

mation owing to the super-elasticity of L-SMA and shows su±cient hysteresis loop

owing to the compensation e®ect of H-SMA. Therefore, satisfactory temperature

robustness on structural response mitigation can be achieved in the DSD system

by employing double SMA hysteretic elements with di®erent phase transition

temperatures.

3. Problem Formulation

3.1. Output force of SMA elements in DSD

The solution of structural seismic response presented in this work is nonlinear due to

the hysteresis characteristics of SMA elements. Hence, it is of great importance to

employ an appropriate method to simplify the output forces of SMA elements in the

DSD system. The one-dimensional piecewise linear model given by Du et al.58 can

re°ect the in°uence of temperature on the force–deformation behavior of SMA.

However, the loading and unloading paths within the hysteretic loop given by this

model are too sophisticated to use in the stochastic vibration analysis. Moreover, the

Bouc–Wen model61 (a general hysteresis model) and Graesser–Cozzaralli model62

(an SMA hysteresis model presented based on the former) can be used to describe the

geometric shape of the constitutive curve. Nevertheless, the physical meanings of

these models' parameters are unclear and their expressions are given in complicated

nonlinear and di®erential forms, which are also too complicated to use in structural

dynamic analysis. Subsequently, a simpli¯ed equation of the austenite SMA's output

force was proposed by Yan and Nie,60 which can be expressed as

Fd ¼ �dkdxþ ð1� �dÞkdzd:
zd ¼ 1� signfsignð xj j � uaÞ þ 1g½ �x

þ signð xj j � uaÞ þ 1

2
ðub � uaÞ

signðxÞ þ signðx: Þ
2

þ uasignðxÞ
� �

8>>><
>>>:

; ð2Þ
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where Fd is the simpli¯ed SMA's output force. kd is the initial sti®ness, and �d is the

sti®ness ratio of the post- to pre-yielding. x and zd are the overall and hysteretic

displacements of SMA, respectively. signðxÞ is a mathematical function de¯ned as

signðxÞ ¼
1; if x > 0

0; if x ¼ 0

�1; if x < 0

8<
: : ð3Þ

Although a relatively simpli¯ed expression of the SMA element's output force is

given in Eq. (2), it is still nonlinear and inconvenient to employ in the structural

dynamics directly. Many analytical methods have been developed to further simplify

this kind of nonlinear problem, such as the stationary FPK equation method,63

equivalent linearization method,64 equivalent nonlinear system method,65 and Monte

Carlo method.66 Among these analytical methods, the equivalent linearization

method is a robust tool owing to its concise expressions and explicit physical

meanings of parameters. According to certain rules, the nonlinear output force can be

replaced by a linear one. Yan and Nie60 further employed this equivalent lineariza-

tion method to obtain the linear form of Eq. (2), which is widely used in the ¯eld of

structural vibration control and restated in the following subsection.

3.1.1. Equivalent linearization for austenite SMA

As proposed by Yan and Nie,60 the equivalent form of SMA's hysteretic displacement

is denoted as

�zd ¼ kexþ cex
:
; ð4Þ

where ke and ce are two coe±cients that will be determined later.

Substituting Eq. (4) in Eq. (2), the equivalent form of the output force can be

expressed as

Fd ¼ �dkdxþ ð1� �dÞkdðkexþ cex
: Þ¼ ~kexþ ~cex

:
; ð5Þ

where ~ke and ~ce are stochastically equivalent sti®ness and damping coe±cients,

respectively, and given as

~ke ¼ �dkd þ ð1� �dÞkdke; ~ce ¼ ð1� �dÞkdce: ð6Þ
To achieve satisfactory equivalent linearization, the condition to guarantee the

least square error between the linearized �zd and nonlinear zd items should be satis-

¯ed. According to the ¯rst-order condition, the requirements that the square error

E½ð�zd � zdÞ2�¼ E½ðkexþ cex
: � zdÞ2� takes the minimum value are

@E½ð�zd � zdÞ2�
@ke

¼ 0;
@E½ð�zd � zdÞ2�

@ce
¼ 0; ð7Þ

where E½ � represents the expectation operator.

A Double Shape Memory Alloy Damper
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Solving Eq. (7) with respect to ke and ce, we obtain

ke ¼
E½xðtÞzdðtÞ�
E½xðtÞ2� ; ce ¼

E½x: ðtÞzdðtÞ�
E½x: ðtÞ2� : ð8Þ

Then, substituting zd in Eq. (2) into Eq. (8), ke and ce can be further expressed as

ke ¼
ub þ uaffiffiffiffiffiffi
2�

p
�x

e
� u 2

a

2� 2
x ; ce ¼

ub � uaffiffiffiffiffiffi
2�

p
�x
:

1� erf
uaffiffiffi
2

p
�x

� �� �
; ð9Þ

where �x and �x
: are standard deviations of x and x

:
, respectively. erfðxÞ is the error

function de¯ned as

erfðxÞ ¼ 2ffiffiffi
�

p
Z x

0

e��
2

d�: ð10Þ

Finally, substituting Eq. (9) into Eq. (6), stochastically equivalent sti®ness and

damping can be expressed as

~ke ¼ �dkd þ ð1� �dÞkd
ub þ uaffiffiffiffiffiffi
2�

p
�x

e
� u 2

a

2� 2
x ;

~ce ¼ ð1� �dÞkd
ub � uaffiffiffiffiffiffi
2�

p
�x
:

1� erf
uaffiffiffi
2

p
�x

� �� �
:

ð11Þ

3.1.2. Equivalent linearization for martensite SMA

As for martensite SMA, the bilinear model67 can be utilized to model the hysteretic

displacement, and then the output force of martensite SMA can be expressed as

Fd ¼ �dkdxþ ð1� �dÞkdzd
zd ¼ uasignðx: Þ:

�
: ð12Þ

Similar to the equivalent linearization method employed for austenite SMA, ke
and ce for martensite SMA can be obtained as

ke ¼ 0; ce ¼
ffiffiffiffi
2

�

r
ua

�x
:
: ð13Þ

Substituting Eq. (13) into Eq. (6), stochastically equivalent sti®ness and damp-

ing coe±cients of martensite SMA can be expressed as

~ke ¼ �dkd; ~ce ¼ ð1� �dÞkd
ffiffiffiffi
2

�

r
ua

�x
:
: ð14Þ

Considering the high degree of nonlinearity involved in this study, the analytical

result of the stochastic response can be derived conveniently in the following sections

by employing Eqs. (5), (11), and (14). It should be noted that the aforementioned

linear forms of output force can still maintain the nonlinear characteristics of SMA,

since ~ke and ~ce are related to statistics (�x and �x
: ) of random variables (x and x

:
).
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3.2. Motion-governing equations for DSD-¯tted structures

According to the above equivalent linearization method, the SMA elements in DSD

are equivalent to the combination of a supporting spring with sti®ness ~ke and an

energy dissipation element with a damping coe±cient ~ce. Therefore, the analytical

model of the SDOF structure with DSD shown in Fig. 2(a) can be replaced with the

equivalent form shown in Fig. 10. It can be observed that L-SMA in DSD is replaced

by a supporting spring ~kel and an energy dissipation element ~cel. Similarly, the

respective supporting spring and the energy dissipation element for H-SMA are

denoted as ~keh and ~ceh, respectively.

The motion-governing equation for the SDOF structure assisted with a DSD

system subjected to the ground motion can be written as

mx
:: þ cx

: þ kxþ Fsðx;x: Þ ¼ �mx
::
g; ð15Þ

where x is the displacement of the primary structure with respect to the ground. The

velocity and acceleration are given by x
:
and x

::
, respectively. The ground acceleration

of the earthquake is represented by x
::
g. As presented in the previous section, the

overall output force Fs of DSD can be expressed as

Fsðx;x: Þ ¼ ~celx
: þ ~kelxþ ~cehx

: þ ~kehx: ð16Þ
Substituting Eq. (16) into Eq. (15), we obtain

mx
:: þ ðcþ ~cel þ ~cehÞx: þ ðkþ ~kel þ ~kehÞx ¼ �mx

::
g: ð17Þ

Then the well-known Kanai–Tajimi stochastic model68 could be utilized to obtain

the stationary ground motion, which ¯lters a white noise process acting on the rock

bed. Kanai–Tajimi stochastic model is expressed as

x
::
f þ 2�f!f x

:
f þ !2

fxf ¼ �w
::

x
::
g ¼ �2�f!f x

:
f � !2

fxf

(
; ð18Þ

where �f and !f are damping coe±cient and frequency of the soil strata, respectively.

w
::
is the white noise intensity of the rock bed with the power spectral density S0. x

::
f ,

x
:
f , and xf are the acceleration, velocity, and displacement responses of the soil

Fig. 10. Equivalent form of SDOF structure with DSD.

A Double Shape Memory Alloy Damper
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¯lter, respectively. The state vector for the DSD-¯tted structure can be de¯ned as

u ¼ fx;xf ;x
:
;x
:
fgT: ð19Þ

Then the motion-governing equation given in Eq. (15) could be written in the

state space form as

du

dt
¼ Auþw; ð20Þ

where w ¼ f0 0 0 � w
::gT is a vector that contains the intensity of the white noise,

and A is an augmented matrix expressed as

A ¼

0 0 1 0

0 0 0 1

�ðkþ ~kel þ ~kehÞ=m !2
f �ðcþ ~cel þ ~cehÞ=m 2�f!f

0 �!2
f 0 �2�f!f

2
6664

3
7775: ð21Þ

Assuming that the responses are stationary and Markovian, the evolution equa-

tion (Lyapunov equation) could be obtained as62

dCuu

dt
¼ ACuu þCuuA

T þ Sww ¼ 0; ð22Þ

where Cuu is the covariance matrix of the state vector u, and Sww is the input matrix

of the excitation of the rock bed, which can be written as

Cuu ¼

�2
x �xxf �xx

: �xx
:
f

�2
xf �xfx

: �xf x
:
f

�2
x
: �x

:
x
:
f

sym: �2
x
:
f

2
66664

3
77775; Sww ¼

0

0

0

2�S0

2
664

3
775: ð23Þ

Then the structural and DSD's responses can be solved with continuous iterations

until the convergence of Cuu.

4. Parametric Study

4.1. Stochastic performance indicators of DSD

As presented earlier, DSD is mainly composed of two SMA hysteretic elements:

H-SMA and L-SMA. As for a single SMA hysteretic element, the output force is

determined by the initial sti®ness (kl or kh), characteristic displacements (ua and ub

shown in Fig. 4 or Fig. 6), and environmental temperature T . The initial sti®ness can

be represented by another two physical parameters �l and �h, which are commonly

used in structural control theories and restated here as27

�l ¼ kl=k; �h ¼ kh=k: ð24Þ

Y.-Q. Jia et al.
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Then three stochastic performance indicators of DSD can be de¯ned as follows:

(1) To analyze the damping e®ect of DSD under a given temperature T , a dimen-

sionless quantity referred to as structural response mitigation ratio2 is de¯ned as

��x ¼ �x=�
uc
x ; ð25Þ

where �x and �uc
x are the root-mean-square (RMS) displacements of the con-

trolled and uncontrolled structures, respectively.

(2) Moreover, the residual deformation is another important indicator representing

DSD's self-centering ability and is given as

ures ¼ maxfabsfxjFsðxÞ ¼ 0gg: ð26Þ
(3) In addition, the e±cient tuning bandwidth of frequency is also an essential in-

dicator, which represents the robustness of the damping e®ect under seismic

excitation with di®erent frequency components. According to the concept of the

e±cient tuning bandwidth of frequency,69 it can be de¯ned as

w ¼ maxðBÞ �minðBÞ
B ¼ f!jSuð!Þ � S uc

u ð!Þg
�

; ð27Þ

where B is the range of the e±cient tuning frequency of DSD, and w is the

bandwidth of B. Suð!Þ and Suc
u ð!Þ are the displacement power spectral density

functions (PSDFs, in m2 � s) of the controlled and uncontrolled structures, re-

spectively. ! is the frequency (in rad/s) of the seismic excitation.

Hence, the problem of parametric analysis can be summarized as

f�l; �h;ual;ubl;uah;ubh;Tg ! f��x;ures;wg; ð28Þ
where uah, ubh, ual, and ubl are the characteristic displacements of H-SMA and

L-SMA, respectively. According to expressions in Tables 2 and 3, ual, ubl, uah and ubh

are functions of the temperature T if a given length L � 4m is assumed, and then the

problem of parametric analysis can be further simpli¯ed as

f�l; �h;Tg ! f��x;ures;wg: ð29Þ
For a parametric study, a reasonable range of the �l and �h is given as ½10�2; 101�

in Ref. 2 and three typical values of T (namely, �10�C, 15�C, and 40�C) are utilized
to simulate di®erent temperature conditions. The sti®ness ratio of the conventional

SMA damper (�s ¼ ks=k) is assumed to be the same as the sum of �l and �h

(i.e. �s ¼ �l þ �h). The default values of parameters for the primary structure and

soil strata are the same as the data provided by Ref. 27, as shown in Table 4.

Table 4. Default values of parameters of the primary structure and soil strata.

Mass Period Damping ratio Power spectrum density Damping Frequency

m ¼ 200 ton Ts ¼ 1:5 s � ¼ 0:03 S0 ¼ 0:05m2/s3 �g ¼ 0:6 !g ¼ 9� rad/s

A Double Shape Memory Alloy Damper
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4.2. Structural response mitigation ratio ��x and residual deformation ures

As shown in Figs. 11(a)–11(c), a series of contour plots are displayed with �h on the

x-axis, �l on the y-axis, and ��x as the height. Some information can be observed from

the ¯gures: (1) A decrease in ��x is accompanied by increases in �h and �l, and there

are optimal damping areas located in the upper-right corners for each parameter sets.

(2) With the temperature T increasing, the optimal damping area is gradually be-

coming slender, indicating that the structural damping e®ect of DSD degrades with

the increasing temperature T .

As shown in Fig. 11(d), ures is the height of the contour plot and several con-

clusions can be obtained: (3) No matter how large �l is, the residual deformation of

DSD is negligible when the value of �h is very low, as all the residual deformation of

DSD results from H-SMA and a superior self-centering capacity could be provided

(a) RMS displacement ratio at T ¼ �10�C (b) RMS displacement ratio at T ¼ 15�C

(c) RMS displacement ratio at T ¼ 40�C (d) Residual deformation at T ¼ �10�C

Fig. 11. Contour plots of the RMS displacement ratios ((a)–(c)) and residual deformation (d) of the SDOF

structure with di®erent DSD systems for �l 2 ½10�2; 101� and �h 2 ½10�2; 101� under varying temperatures.
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by L-SMA. (4) The most unfavorable deformation region is in the lower-middle part

of Fig. 11(d), where the �l is inadequate to supply su±cient self-centering capacity

for DSD. Meanwhile, greater �h will reduce the residual deformation as a greater

sti®ness is imposed on the primary structure, and fewer �h will also weaken the

residual deformation since H-SMA is the only source that could induce the residual

deformation. Considering observations (1)–(4), the ideal parameter settings for ac-

ceptable damping e®ects are estimated as �l 2 ½0:3; 0:9� and �h 2 ½0:2; 0:8�.

4.3. E±cient tuning bandwidth of the frequency w

To investigate the e±cient tuning bandwidth of frequency of DSD under varying

temperatures, PSDFs of the SDOF structures with di®erent DSDs are shown in

Figs. 12–14. The driving frequency ! is on the x-axis and PSDFs are on the y-axis.

The ranges of �l and �h are, respectively, selected as �l 2 ½0:3; 0:9� and �h ¼ ½0:2; 0:8�
according to the above-mentioned analyses. According to Eq. (27), values of e±cient

bandwidth w can be calculated and shown in Table 5.

(a) �l ¼ 0:3 (b) �l ¼ 0:6

(c) �l ¼ 0:9

Fig. 12. Displacement PSDFs of the SDOF structures with di®erent DSD systems for T ¼ �10�C, �l 2
½0:3; 0:9� and �h 2 ½0:2; 0:8�.

A Double Shape Memory Alloy Damper
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The following conclusions can be drawn from Figs. 12–14 and Table 5: (1) The

peak of the curve moves down to the right with increasing �h and �l, representing

greater e±cient bandwidth w. (2) The peak of the curve moves up with the increasing

temperature T , indicating the damping e®ect will be weakened when the

(a) �l ¼ 0:3 (b) �l ¼ 0:6

(c) �l ¼ 0:9

Fig. 13. Displacement PSDFs of the SDOF structures with di®erent DSD systems for T ¼ 15�C, �l 2
½0:3; 0:9� and �h 2 ½0:2; 0:8�.

(a) �l ¼ 0:3 (b) �l ¼ 0:6

Fig. 14. Displacement PSDFs of the SDOF structures with di®erent DSD systems for T ¼ 40�C, �l 2
½0:3; 0:9� and �h 2 ½0:2; 0:8�.
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temperature rises, and this conclusion is consistent with the previous analyses.

(3) The peak also moves right with the increasing temperature T , and the e±cient

bandwidth w is always negatively correlated with the temperature T when the value

�l is lower, while it decreases ¯rst and then increases with the increasing temperature

T when �l is greater.

5. Evaluation of DSD's Performance

5.1. Frequency-domain analysis

To illustrate the temperature robustness on the damping e®ect of DSD, frequency-

domain analysis for the DSD-¯tted structure is implemented, which is also compared

with the original structure and the structure with the conventional SMA damper.

Based on the above-mentioned observations, two arbitrarily selected values �l ¼ 0:6

and �h ¼ 0:5 can be employed to conduct the analysis. RMS displacement ratios ��x

under varying temperatures ranging from �10�C to 40�C are shown in Fig. 15(a). It

can be observed that the RMS displacement ratios ��x of the structure with the con-

ventional SMA damper increase when the temperature T increases, which once again

implies its poor temperature robustness. On the contrary, the performance degrada-

tion of DSD is delayed owing to the existence of H-SMA. In addition, a signi¯cant

turning point appears around 14�C due to the completion of the inverse martensitic

transformation of H-SMA, and thereon the damping e®ect compensation is realized.

(c) �l ¼ 0:9

Fig. 14. (Continued)

Table 5. E±cient bandwidth w (in rad/s) for di®erent DSDs under varying temperatures.

T ¼ �10�C T ¼ 15�C T ¼ 40�C

�l �h ¼ 0:2 �h ¼ 0:5 �h ¼ 0:8 �h ¼ 0:2 �h ¼ 0:5 �h ¼ 0:8 �h ¼ 0:2 �h ¼ 0:5 �h ¼ 0:8

0.3 4.404 4.593 4.907 4.342 4.436 4.530 4.342 4.436 4.530

0.6 4.436 4.593 4.844 4.404 4.499 4.593 4.436 4.530 4.624

0.9 4.499 4.656 4.876 4.499 4.593 4.719 4.530 4.624 4.750
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Displacement PSDFs are also given in Figs. 15(b)–15(d). It can be observed that

both the peaks of the curves of the structures with DSD and with the conventional

SMA damper move up to right with the increasing temperature, whereas the PSDF

curve of the structure with DSD is always below that of the structure with the

conventional SMA damper, and the former's e±cient bandwidth is no less than the

conventional one. Therefore, the temperature robustness on structural response

mitigation of DSD is better than that of the conventional one.

As shown in Fig. 16, the relationship between DSD's residual deformation ures
and environmental temperature T is given. It can be seen that the residual defor-

mation decreases with the temperature increasing, and the residual deformation is

negligible when the temperature exceeds 14�C, since the H-SMA element has been

transformed from martensite to austenite at that time.

5.2. Time-domain analysis

To further validate the result derived in the frequency-domain analysis, three

recorded and one arti¯cial70,71 ground motions with PGA ¼ 0:5 g11 are employed for

the time-domain analysis. These ground motions are recorded by di®erent stations

(a) RMS displacement ratios (b) Displacement PSDFs at �10�C

(c) Displacement PSDFs at 15�C (d) Displacement PSDFs at 40�C

Fig. 15. RMS displacement ratios and displacement PSDFs under varying temperatures.
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and composed of di®erent frequency components, representing the diversity of geo-

graphical conditions. The acceleration response spectra of the four ground motions

are shown in Fig. 17. The details of the seismic excitation are shown in Table 6.

Under the excitation of these ground motions, the displacement time histories of

the original structure, as well as the structures with the conventional SMA damper

and DSD under three typical temperatures (�10�C, 15�C, and 40�C) are shown in

Figs. 18–21.
According to Figs. 18–21, RMS and peak structural displacement response mit-

igation ratios can be obtained and shown in Table 7. The results show that DSD

Fig. 16. Residual deformation under varying temperatures.

Fig. 17. Acceleration spectra of input ground accelerations.

Table 6. Detailed information of the selected ground motions.

ID # Earthquake Date Station

GM 1 Southern Calif 11/22/1952 San Luis Obispo

GM 2 Superstition Hills-01 11/24/1987 Imperial Valley Wildlife Liquefaction Array
GM 3 Chi-Chi Taiwan 9/20/1999 TCU115

GM 4 Arti¯cial excitation70,71 — —

A Double Shape Memory Alloy Damper
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(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 18. Time histories of structural displacements under varying temperatures and GM 1: Southern Calif.

(a) T ¼ �10�C (b) T ¼ 15�C

Fig. 19. Time histories of structural displacements under varying temperatures and GM 2: Superstition

Hills-01.
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(c) T ¼ 40�C

Fig. 19. (Continued)

(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 20. Time histories of structural displacements under varying temperatures and GM 3: Chi-Chi

Taiwan.
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reduces the structural displacement more than the conventional SMA damper under

any given temperatures and ground motions. It is evident that the average

improvements of 23.4% on the RMS response mitigation ratio and 16.0% on the

peak response mitigation ratio are realized. These improvements imply DSD has

better temperature robustness on structural response mitigation than the conven-

tional one.

As a further illustration, the normalized energy–time curves of SDOF structures

incorporated with di®erent control systems under the recorded ground motion GM3

and the temperature T ¼ 40�C are shown in Fig. 22. It can be observed that the

capacity of seismic energy dissipation of DSD is more satisfactory than the con-

ventional SMA damper.

To better verify the e®ectiveness of DSD's working principle, force–deformation

curves of DSD and the conventional SMA damper under GM3 are shown in Fig. 23,

(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 21. Time histories of structural displacements under varying temperatures and GM 4: Arti¯cial

excitation.
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and the exact force–deformation behaviors of two SMA elements in DSD are also

given in Fig. 24. When the temperature is �10�C, L-SMA is transformed into aus-

tenite and H-SMA is in martensite (Fig. 24(a)). Hence, the robust self-centering

ability provided by L-SMA and the adequate energy dissipation capacity supplied by

H-SMA are both realized (Fig. 23(a)). As the temperature rises to 15�C, H-SMA

transforms from martensite to austenite (Fig. 24(b)), the sum of areas of hysteresis

loops of austenite L-SMA and H-SMA elements reaches the maximum, resulting in a

signi¯cant energy dissipation e®ect (Fig. 23(b)). When the temperature rises to

40�C, the area of the hysteresis loop of L-SMA decreases gradually, whereas H-SMA

can still supply the additional energy dissipation capacity, which is therefore still at a

su±cient level (Fig. 24(c)). Thus, the temperature robustness of DSD is realized by

the combination of L-SMA and H-SMA (Fig. 23(c)).

Table 7. RMS and peak response mitigation ratios of the conventional SMA damper and DSD.

RMS response mitigation ratio Peak response mitigation ratio

Temperature GM

Conventional

SMA damper DSD

Improvement

(%)

Conventional

SMA damper DSD

Improvement

(%)

T ¼ �10�C GM 1 0.261 0.182 30.2 0.460 0.349 24.0

GM 2 0.287 0.236 17.9 0.411 0.303 26.2
GM 3 0.360 0.346 3.8 0.468 0.434 7.3

GM 4 0.656 0.475 27.6 0.674 0.554 17.8

T ¼ 15�C GM 1 0.392 0.255 34.9 0.490 0.427 12.7

GM 2 0.536 0.344 35.8 0.614 0.451 26.6
GM 3 0.429 0.338 21.2 0.436 0.426 2.3

GM 4 0.894 0.655 25.6 0.865 0.682 21.2

T ¼ 40�C GM 1 0.548 0.409 25.4 0.613 0.512 16.4
GM 2 0.804 0.603 25.0 0.743 0.645 13.2

GM 3 0.526 0.428 18.7 0.532 0.441 17.2

GM 4 0.987 0.848 14.1 0.880 0.821 6.8

Average — — — 23.4 — — 16.0

(a) With the conventional SMA damper (b) With DSD

Fig. 22. Normalized energy–time curves of SDOF structures installed with di®erent control systems.
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6. Application of DSD in MDOF Structures

6.1. Motion-governing equations

In the previous sections, the e®ectiveness of DSD installed in SDOF structures has

been veri¯ed. To illustrate the extensibility of the proposed DSD for MDOF struc-

tures, further numerical analysis is given in this section. As shown in Fig. 25, the

analytical model of an MDOF structure with DSD systems is employed to investigate

DSD's performance, and the corresponding equivalent model is given in Fig. 26. In

these ¯gures, mi, ci, and ki are the mass, damping, and sti®ness coe±cients of the ith

°oor of the primary structure. kh;i and kl;i are the initial sti®ness coe±cients of

(a) �10�C (b) 15�C

(c) 40�C

Fig. 23. Force–deformation curves of DSD and the conventional SMA damper under (a) �10�C, (b) 15�C,
and (c) 40�C, and the recorded ground motion GM3.
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H-SMA and L-SMA elements, respectively. ~keh;i, ~ceh;i, ~kel;i, and ~cel;i are the equiva-

lent parameters of SMA elements in DSD systems.

The motion-governing equation for the MDOF structure assisted by DSD systems

subjected to the ground motion can be written as

mix
::
i þ ciðx: i � x

:
i�1Þ þ kiðxi � xi�1Þ þ Fs;iðxi;xi�1;x

:
i;x
:
i�1Þ ¼ �mix

::
g; ð30Þ

where x
::
i is the displacement of the ith °oor of the primary structure with respect to

the ground. The respective velocity and acceleration are denoted as x
:
i and x

::
i. The

overall output force Fs;i of DSD in the ith °oor can be expressed as

Fs;iðxi;xi�1;x
:
i;x
:
i�1Þ ¼ ð~cel;i þ ~ceh;iÞðx: i � x

:
i�1Þ þ ð ~kel;i þ ~keh;iÞðxi � xi�1Þ; ð31Þ

(a) �10�C (b) 15�C

(c) 40�C

Fig. 24. Force–deformation curves of SMA elements in DSD under (a) �10�C, (b) 15�C, and (c) 40�C,
and the recorded ground motion GM3.
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where the equivalent parameters of DSD are given as

~ke;i ¼ �d;ikd;i þ ð1� �d;iÞkd;i
ub;i þ ua;iffiffiffiffiffiffi

2�
p

�	i

e
�

u 2
a;i

2� 2
	i ;

~ce;i ¼ ð1� �d;iÞkd;i
ub;i � ua;iffiffiffiffiffiffi

2�
p

� _	i

1� erf
ua;iffiffiffi
2

p
�	i

 !" #
;

ð32Þ

Fig. 26. Equivalent model of MDOF structure with DSD systems.

Fig. 25. Analytical model of the MDOF structure with DSD systems.
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or

~ke;i ¼ �d;ikd;i; ~ce;i ¼ ð1� �d;iÞkd;i
ffiffiffiffi
2

�

r
ua;i

� _	i

: ð33Þ

In Eqs. (32) and (33), �d;i, kd;i, ua;i, and ub;i are the material properties of SMA

elements of the ith °oor. The variables 	i ¼ xi � xi�1 and _	i ¼ x
:
i � x

:
i�1 are the

inter-story displacement and velocity, respectively, and we have

�2
	i
¼ E½	 2i � ¼ E½ðxi � xi�1Þ2� ¼ E½x2

i � þ E½x2
i�1� ¼ �2

xi þ �2
xi�1

�2
_	i
¼ E½ _	 2i � ¼ E½ðx: i � x

:
i�1Þ2� ¼ E½x: 2i � þ E½x: 2i�1� ¼ �2

x
:
i
þ �2

x
:
i�1

(
; ð34Þ

where it should be noted that xi and x
:
i are statistically independent and normally

distributed random variables with zero means.

Substituting Eq. (31) into Eq. (30) gives

mix
::
i þ ðci þ ~cel;i þ ~ceh;iÞðx: i � x

:
i�1Þ þ ðki þ ~kel;i þ ~keh;iÞðxi � xi�1Þ ¼ �mix

::
g; ð35Þ

which can be written in the matrix form as

Mx
:: þ ðCþCel þCehÞx: þ ðKþKel þKehÞx ¼ �M1x

::
g: ð36Þ

The matrices and vectors in Eq. (36) are given as follows:

M ¼
m1

m2

m3

2
4

3
5; C ¼

c1 þ c2 �c2
�c2 c2 þ c3 �c3

�c3 c3

2
4

3
5;

K ¼
k1 þ k2 �k2
�k2 k2 þ k3 �k3

�k3 k3

2
4

3
5;

ð37Þ

Cel ¼
~cel;1 þ ~cel;2 �~cel;2
�~cel;2 ~cel;2 þ ~cel;3 �~cel;3

�~cel;3 ~cel;3

2
4

3
5;

Ceh ¼
~ceh;1 þ ~ceh;2 �~ceh;2

�~ceh;2 ~ceh;2 þ ~ceh;3 �~ceh;3
�~ceh;3 ~ceh;3

2
4

3
5;

ð38Þ

Kel ¼
~kel;1 þ ~kel;2 � ~kel;2

� ~kel;2
~kel;2 þ ~kel;3 � ~kel;3

� ~kel;3
~kel;3

2
64

3
75;

Keh ¼
~keh;1 þ ~keh;2 � ~keh;2

� ~keh;2
~keh;2 þ ~keh;3 � ~keh;3

� ~keh;3
~keh;3

2
64

3
75;

ð39Þ
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x
:: ¼

x
::
1

x
::
2

x
::
3

8<
:

9=
;; x

: ¼
x
:
1

x
:
2

x
:
3

8<
:

9=
;; x ¼

x1

x2

x3

8<
:

9=
;; 1 ¼

1

1

1

8<
:

9=
;: ð40Þ

Combined with the Kanai–Tajimi stochastic model68 shown in Eq. (18), the state

vector of the structure–DSD system can be de¯ned as

u ¼ fx;xf ;x
:
;x
:
fgT: ð41Þ

Then the motion-governing equation given in Eq. (36) can be written in the state

space form as

du

dt
¼ Auþw; ð42Þ

where w ¼ f01	7 � w
::gT is a column vector that contains the intensity of the white

noise, and A is an augmented matrix expressed as

A ¼

O3	3 03	1 I3	3 03	1

01	3 0 01	3 1

�M�1ðKþKel þKehÞ !2
f13	1 �M�1ðCþCel þCehÞ 2�f!f13	1

01	3 �!2
f 01	3 �2�f!f

2
6664

3
7775
8	8

;

ð43Þ
where O3	3 is the zero matrix, 03	1 the zero column vector, 01	3 the zero row vector,

and I3	3 the identity matrix. Assuming that the responses are stationary and

Markovian, then the evolution equation can be obtained as62

dCuu

dt
¼ ACuu þCuuA

T þ Sww ¼ 0; ð44Þ

where Sww ¼ diagf01	7; 2�S0g is the diagonal input matrix of the excitation of rock

bed, andCuu is the covariance matrix of the state vector u, which could be written as
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: ð45Þ

Finally, the structural and the DSD's responses can be solved by several iterations

until the convergence of Cuu.
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6.2. Frequency-domain analysis

For the frequency-domain analysis of MDOF structure with DSD systems, a 3-story

benchmark model12 is used as a representative example and the corresponding

parameters are given in Table 8. In this 3-story model, the story sti®ness coe±cients

are taken as 1/100 of the original values such that uncontrolled structural responses

have the same order as the SDOF structure in the previous sections. In addition,

SMA parameters in all the °oors are set to be the same values as the previous

examples. It should be noted that one could obtain the optimal design parameters of

DSD with numerical schemes such as the genetic algorithm, which is out of the scope

of current work.

Table 8. Default values of parameters of the MDOF structure.

Floor number i 1 2 3

Story mass mi (kg) 98.3 98.3 98.3

Story sti®ness ki (N/m) 5160 6840 6840
Story damping ci (N � s/m) 125 50 50

(a) RMS displacement ratios (b) Displacement PSDFs at �10�C

(c) Displacement PSDFs at 15�C (d) Displacement PSDFs at 40�C

Fig. 27. RMS displacement ratios and displacement PSDFs under varying temperatures.
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Fig. 28. Residual deformation under varying temperatures.

(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 29. Time histories of structural displacements under varying temperatures and GM 1: Southern Calif.
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To illustrate the temperature robustness on the damping e®ect of DSD, RMS

displacement ratios of the top °oor (i.e. the third °oor) ��x;3 under varying tem-

peratures ranging from �10�C to 40�C are shown in Fig. 27(a). It can be observed

that the displacement ratios ��x;3 of the structure with conventional SMA damper

increase with the temperature T increasing, while the performance degradation of

DSD is delayed owing to the existence of H-SMA. Moreover, a turning point appears

around 14�C due to the completion of an inverse martensitic transformation of H-

SMA, and hence the damping e®ect compensation is realized.

Displacement PSDFs of the third °oor are also given in Figs. 27(b)–27(d). It can
still be observed that both the peaks of the curves of DSD and conventional SMA

damper move up to right with the temperature increasing. In addition, the PSDF

curve of the DSD is always below that of the conventional SMA damper, and its

e±cient bandwidth is no less than the conventional one. Therefore, the temperature

(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 30. Time histories of structural displacements under varying temperatures and GM 2: Superstition

Hills-01.
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robustness on structural response mitigation of DSD can still be obtained for the

MDOF structures as expected.

As shown in Fig. 28, the relationships between DSD's residual deformation ures
and environmental temperature T are given. It can be seen that the residual defor-

mation of all three °oors decreases with the increasing temperature, and the residual

deformation is negligible when the temperature exceeds 14�C, which coincides with

the conclusion obtained from the analysis for the SDOF structure.

6.3. Time-domain analysis

To further validate the result derived in the frequency-domain analysis, the same

ground motions shown in Table 6 and Fig. 17 are employed for time-domain analysis.

(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 31. Time histories of structural displacements under varying temperatures and GM 3: Chi-Chi

Taiwan.
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Under the excitation of these ground motions, the displacement time histories of the

third °oor of the original structure, the structures with conventional SMA damper, and

with DSD under three typical temperatures (�10�C, 15�C, and 40�C) are shown in

Figs. 29–32.
According to Figs. 29–32, RMS and peak structural displacement response

mitigation ratios of the third °oor can be obtained and shown in Table 9. The

results show that DSD reduces the structural displacement more than the conven-

tional SMA damper in most cases. It is evident that average improvements of 23.8%

on the RMS response mitigation ratio and 19.7% on the peak response mitigation

ratio are realized. These improvements imply DSD still has better temperature

robustness on structural response mitigation than the conventional one in MDOF

structures.

(a) T ¼ �10�C (b) T ¼ 15�C

(c) T ¼ 40�C

Fig. 32. Time histories of structural displacements under varying temperatures and GM 4: Arti¯cial

excitation.
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7. Conclusions

This study investigates the possibilities of an innovative DSD system installed in

both SDOF and MDOF structures subjected to seismic excitation. In the con¯gu-

ration of DSD, double hysteretic SMA elements with di®erent phase transition

temperatures are arranged in parallel. The following conclusions are drawn from

this work:

(1) A balance between SMA dampers' residual deformation and the energy dissi-

pation capacity can be realized by the proposed DSD system, which can

mitigate the structural seismic response more e®ectively than the conventional

SMA damper, with an acceptable residual deformation, indicating less

SMA material is required to ful¯ll the same structural response mitigation re-

quirement.

(2) DSD can delay the degradation of SMA's energy dissipation capacity, and sig-

ni¯cantly suppress structural seismic response under varying temperatures. This

superior temperature robustness on structural response mitigation makes DSD

capable of being employed in global areas in di®erent climates.

(3) By fully utilizing the self-centering ability of L-SMA and the su±cient energy

dissipation capacity of H-SMA, DSD is a promising mechanism to mitigate

structural response and can be considered as a decent technology for structural

vibration control in modern society.

(4) This study is a preliminary test. Combining this study with innovative techni-

ques to minimize the material cost will be of great signi¯cance, which needs

further study. Moreover, the experimental investigation to validate the theo-

retical analysis is also further needed.

Table 9. RMS and peak response mitigation ratios of the conventional SMA damper and DSD.

RMS response mitigation ratio Peak response mitigation ratio

Temperature GM

Conventional

SMA damper DSD

Improvement

(%)

Conventional

SMA damper DSD

Improvement

(%)

T ¼ �10�C GM 1 0.459 0.311 32.4 0.656 0.500 23.8

GM 2 0.214 0.156 27.2 0.297 0.235 20.6
GM 3 0.559 0.449 10.7 0.499 0.502 �0.6

GM 4 0.328 0.268 18.3 0.485 0.382 21.2

T ¼ 15�C GM 1 0.903 0.488 46.0 1.111 0.606 45.4

GM 2 0.366 0.224 38.9 0.450 0.311 30.9
GM 3 0.702 0.567 19.2 0.583 0.472 19.0

GM 4 0.431 0.338 21.7 0.590 0.496 15.8

T ¼ 40�C GM 1 1.344 0.963 28.3 1.353 1.037 23.4
GM 2 0.425 0.348 18.0 0.529 0.453 14.5

GM 3 0.795 0.693 12.9 0.670 0.579 13.6

GM 4 0.482 0.427 11.4 0.641 0.583 9.0

Average — — — 23.8 — — 19.7
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