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ARTICLE INFO ABSTRACT

Keywords: Stress-constrained and fracture-based topology optimization are both popular methods to
Topology optimization enhance fracture resistance in engineering structures and materials. However, their comparative
Fracture

advantages and applicability to various design scenarios remain underexplored. In this study,
we revisit both formulations and systematically compare them by analyzing their underlying
Phase field physics and capabilities. The stress-constrained formulation incorporates material strength
Critical energy release rate surfaces as constraints, while the fracture-based formulation models both crack nucleation and
Toughness propagation using a strongly coupled phase-field fracture theory. We then assess their optimized
structures across several benchmark design scenarios accounting for various fracture behaviors.
Our comparisons reveal several key insights. First, both formulations perform equivalently
in design domains under uniform stress states, where the strength surface governs fracture
nucleation. Second, the fracture-based formulation consistently produces feasible solutions
in design domains with boundary defects and large pre-cracks, where the critical energy
release rate becomes crucial in fracture nucleation. In this scenario, the stress-constrained
formulation operates by eliminating stress concentrations; however, it may underestimate
the fracture resistance of a structure due to the lack of information on the critical energy
release rate. Third, the fracture-based formulation is preferable when the design priority is
structural toughness maximization that involves both fracture nucleation and propagation.
Finally, despite some limitations in the design performance, the stress-constrained formulation
offers better computational efficiency and simpler implementation. These findings shed light
on the similarities and differences between the two formulations and provide guidelines for
selecting the suitable approach for practical design problems.

Stress constraint
Strength surface

1. Introduction

Fractures are pervasive in materials and structures, making it crucial to enhance fracture resistance in engineering applications
to ensure safety and minimize economic loss. Traditional methods [1,2] for improving structural fracture resistance often rely on
the designer’s experience and intuition, therefore these approaches may not fully exploit a material’s potential. It calls for a more
rigorous mechanics-based and optimization-driven design approach.

To generate optimal structural designs, topology optimization [3-5] has been widely utilized across various fields, including
civil [6,7], mechanical [8-10], aerospace [11], and biological [12,13] engineering. This design methodology seeks the optimal
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Fig. 1. Comparison between the stress-constrained and fracture-based topology optimization. (a) Comparison of the two formulations. The material parameters
W, F, and G, are the strain energy density, strength surface function, and critical energy release rate, respectively. The variables ¢, and o, are the principal
stresses. The condition 7 < 0 represents that the stress state is within or on the strength surface, while 7 > 0 signifies a violation of the strength surface. The
variable v is the phase field with v =1 representing intact material and v = 0 representing fractured material. The variables F and u are the resultant reaction
force and the amplitude of the applied displacement, respectively. (b) Recommendations for applying the two formulations based on various mechanical and
computational criteria.

material layout by maximizing or minimizing a given objective function while adhering to prescribed constraints. The extensive
design space, precise modeling of underlying physics, and the use of gradient-based optimizers make topology optimization a
superior candidate for enhancing fracture resistance, and significant advancements [7,14-18] have been made in this area recently.

Within the domain of topology optimization for enhancing fracture resistance, two prominent approaches have emerged: stress-
constrained and fracture-based formulations. The stress-constrained formulation limits the stress states (e.g., the von Mises stress and
the first principal stress) within the material’s strength surface [16,19-23]. By dispersing high local stress concentrations through
optimized topology and/or geometry, the stress-constrained formulation is generally effective in delaying fracture nucleation. In the
small-strain linear elastic regime, this approach requires only the stress computation from the solved displacement field, without the
need to simulate post-failure scenarios (i.e., fracture [7,24] and plasticity [25,26]). Because of its simplicity, the stress-constrained
formulation has been extensively explored and has demonstrated considerable success [19,27-36] with applications in designing
multiscale and infill structures [37-39], developing multimaterial structures [40,41], enhancing fatigue life [42,43], and improving
structural reliability [44].

Fracture-based formulations [7,24,45-54] have also gained increasing attention. These formulations are typically grounded in
the phase-field regularization [55,56] of the variational theory of brittle fracture [57], corresponding to Griffith’s competition [58]
between the strain and fracture energies. This phase-field fracture theory, as will be shown in Tables 2-3, predicts fracture nucleation
consistent with the strength theory for specimens under uniform stress and aligns with linear elastic fracture mechanics (LEFM) for
cracked specimens. By incorporating phase-field fracture modeling, the fracture-based formulations can directly predict and control
fracture responses without explicitly including the stress constraints.

Despite the widespread use of both stress-constrained and fracture-based formulations, their comparative advantages and
applicability to various design scenarios remain unclear. Specifically, two long-standing questions arise:

(i) Is the stress-constrained formulation sufficient for optimizing fracture-resistant structures in all design scenarios without explicitly
accounting for fracture mechanics?
(ii) What justifies the use of the more complex and computationally expensive fracture-based formulation?

These questions remain open largely because of the lack of a systematic comparison between the two formulations. Recently, a
fracture-based formulation in [7] integrated a phase-field fracture theory [56] that can predict fracture nucleation by implicitly
incorporating a strength surface comparable with the strength theory, forming the basis for a rigorous comparison with the
stress-based formulation. Thus, in this study, we conduct a systematic and quantitative comparison of the underlying physics and
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functionalities of stress-constrained and fracture-based topology optimization (Fig. 1(a)). By comparing these two design approaches
for improving brittle fracture resistance of structures in the same set of design problems, we aim to answer the two aforementioned
questions, reveal the similarities and differences between the two formulations, and shed light on when and why one formulation
should be favored over the other for a given design task.

To ensure a representative comparison, we employ state-of-the-art versions of both formulations. The stress-constrained
formulation has multiple variants, including global aggregation [22,59] and its reformulation [60], single-domain integration [61],
a plasticity-inspired method [62], machine learning-enhanced stress calculation [63,64], active and loss functions [65], and the
augmented Lagrangian (AL) approach [21,28,66]. In this study, we use a stress-constrained formulation equipped with the AL
scheme. This scheme maintains the localized nature of stress constraints while efficiently managing a large number of them [67],
which has been shown to have overall better efficiency and performance for medium- to large-scale problems compared to global
aggregation methods [22]. Essentially, the employed stress-constrained formulation predicts stress states within the design domain
using elastostatics based on elasticity information (strain energy density, W) and precisely limits local stress within a given material
strength surface (F = 0). Consequently, the stress-constrained approach can delay the onset of fracture compared to empirical
designs. In general, without additional design considerations (e.g., fail-safe strategies [68-70]), the stress-constrained formulations
do not incorporate any information on the structural response after the onset of fracture, and therefore is not designed for enhancing
overall effective toughness of structures.

For the fracture-based formulation (Fig. 1(a)), we adopt a multi-objective approach from [7]. This formulation is based on a
comprehensive phase-field fracture theory [56], which incorporates elasticity (W), the strength surface (F = 0), and the critical
energy release rate (G.) to accurately predict both the nucleation and propagation of brittle fractures, as validated in various
experiments [56,71,72]. As a result, this fracture-based approach not only delays fracture onset and improves the initial stiffness
but also enhances the overall effective toughness of structures.

By comparing stress-constrained and fracture-based topology optimization, we provide insights into their similarities and
differences and offer recommendations for specific optimization tasks considering both mechanical and computational aspects.
As shown in Fig. 1(b), for structures subjected to uniform stress states where the strength surface (F = 0) governs the fracture
nucleation, both formulations yield equivalent design performance. However, for structures with boundary defects (such as rounded
or sharp corners) and/or large pre-existing cracks, the critical energy release rate (G.) becomes essential for accurately predicting
fracture nucleation [56], making the fracture-based formulation more comprehensive for optimizing fracture-resistant designs.
In these scenarios, the stress-constrained formulation is generally effective in delaying fracture nucleation by identifying stress
concentrations. However, it tends to be more conservative in estimating failure displacements due to the absence of G, information,
and consequently, it may struggle to converge with a given allowable volume fraction when the target failure displacement is
excessively large. Finally, when crack propagation is a critical factor, the fracture-based formulation is preferable because of its
incorporation of G, into the optimization process. Nevertheless, from a computational standpoint, the stress-constrained formulation
demonstrates greater efficiency due to simpler computational methods and shorter runtime, making it preferable for large-scale
structural optimization tasks.

In the remainder of this study, we further explain the above comparisons and recommendations, and the organization of the study
is as follows: Section 2 introduces the elastostatics and phase-field fracture theory, which serve as state equations in the topology
optimization formulations recapped in Section 3. Next, Section 4 systematically compares the stress-constrained and fracture-based
formulations through three groups of representative examples. Finally, Section 5 presents several concluding remarks. The paper
includes four appendices. Appendix A derives the critical applied traction for cracked specimens using the strength criterion.
Appendix B presents the computer algorithms for the stress-constrained and fracture-based topology optimization formulations for
reproducibility. Appendix C discusses stiffness maximization of structures under displacement loading. Lastly, Appendix D details
the computational time for both formulations across all examples in Section 4.

2. Elastostatics and phase-field fracture theory

In this section, we recap the elastostatics [73] and phase-field fracture theory [56,71] under small deformations. These theories
provide the state equations used in the topology optimization formulations discussed in Section 3.

2.1. Elastostatics

We begin by introducing the governing equations of the elastostatics. For an open-bounded design domain (¢£2) with boundary
042, the displacement field (u(X)) of any given material point, X € 2 = Q U d€, is governed by

. [oW =
piv [ ZFEw)| +BX) =0, Xe 0
u(X) = u(x), X € 02 1)
ow -
| S ()| N = %), X € 0ay.
Here, the variable W is the stored energy function defined as

W (Ew) = utr [E*(w)] + %trz [Ew)]
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where 4 and yu are the first and second Lamé constants, respectively. The variable E(u) = [Vu + (Vu)T] /2 is the infinitesimal strain
tensor. The variables b, t, and u are the prescribed body force, traction, and displacement, respectively. The symbols d£2;, and 92,
are the Dirichlet and Neumann boundaries, respectively, and N is the unit outward normal vector of 0.

2.2. Phase-field fracture theory

2.2.1. Governing equations
After introducing the classical elastostatics, we generalize it to the phase-field fracture theory [56,71]. In addition to the
displacement field (u(X)) defined above, we introduce a dimensionless phase field or an order parameter, v(X) € [0, 1], to describe
the damage of materials. Precisely, v(X) = 1 corresponds to the intact material, whereas v(X) = 0 represents the fractured material.
For a discretized time interval, {0 = ty,1,...,#;,t;41,...,tx_1, 1y = T}, the displacement field (u,(X) = u(X,7,;)) and phase field
(v, (X) = v(X, 1)) at time 7, are controlled by a system of strongly coupled partial differential equations (PDEs) expressed as [56,71]

Div [vi%(E(uk))] +h,X) =0, XeQ

u, (X) = 1,(X), X €02, )
ow -
uiﬁ(E(uk))] N=1,(X). X €00,
and
. 8 4 6°G, 4 oW, (V4 V1)
DlV[EaEGCVUk] = gka(E(uk)) - gCe,k - 7“ + §UaT, XeQ (3)
Vo, -N=0, X €0

with uy(X) =0 and v,(X) = L.

In these equations, we let Bk(X) = E(X, t)» fk(X) =t(X, 1), and u,(X) = u(X, ;). The material constant G, is the critical energy
release rate. The parameter € > 0 is a regularization (or localization) length, and §¢ is a dimensionless and e-dependent parameter
given as [74,75]

-2 _ -1
5 = (1+ﬁ) (5+4\/§)O‘CS 30, 3G, (1 ﬁ) 2
8¢ 2(8 + 3\/5)0'(:5 16wt56 5

8¢
The parameters o, and o are the uniaxial tensile and compressive strengths, respectively. The parameter W, is the critical strain
energy density under uniaxial tensile loading when fracture nucleates. Under infinitesimal deformation, it reads as W, = 02, /2E
with E representing the Young’s modulus of the materials. The parameter 4 represents the element size in the standard finite element
analysis (FEA), and 1+ 3h/8¢ is the correction term.
The variable W, (v, v,_;) in (3), is an energy-like penalty term defined as [76]

W, (0, vp_y) = % {(|Uk| =0 + oy = vl = (W4 — Uk)]2}

with a coefficient

3G,

= (€]
which imposes the inequality constraints of 0 < v, < v,_; <1 for fracture irreversibility. Based on Section 4.1 of [76], the coefficient
p, needs to satisfy p, > G, /e to effectively enforce the inequality constraints on v,. The expression for p, in (4) follows the choice
made in [76] and its corresponding open-source implementation.! This selection of p, generally ensures that the phase field solutions
(v;) conform to the inequality constraints with a precision of ©(107%). Finally, Eqs. (2)—(3) are fully explicit except for the external
driving force, ¢, ;(X) = c.(X,1,), which is introduced in Section 2.2.2 below.

Py = 103 max {56¢, 1}

Remark 1. The Euler-Lagrange equations in (2)-(3) reduce to the classical phase-field fracture theory [55] by setting 6° = 1 and
cex =0, and the latter is derived by minimizing of the potential energy expressed as

£t : = [ v* W(E@,))dX 30 (120 | vy vp, )dx W, dX
(U, U U_y) v, W(E@)dX + 3 +EVU - Vg + (g, Vg1
Q Q0 Q

€
—/Ek-ukdX—/ t, - u, dX
Q 0y

subject to u;, = u, on 02p. Here, the first three terms are the strain, fracture, and penalty energies, respectively, and the last two
terms are the work done by b, and t,. By further setting v, = 1 (no fracture occurrence), the equations in (2)—(3) reduce to the
elastostatic ones in (1).

1 The open-source code is available at https://github.com/farhadkama/FEniCSx_Kamarei_Kumar Lopez-Pamies.
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Table 1
Fracture-related parameters of tested brittle materials.

Parameters Borosilicate glass [71] Graphite [56] Titania [56] PMMA [71] Artificial [7]

E (GPa) 80.00 9.80 97.00 5.05 0.98
v 0.22 0.13 0.29 0.40 0.13
G, (N/m) 9 91 36 480 910
o (MPa) 150 27 100 128 27
o, (MPa) 1000 77 1232 256 77
& (pm) 1 20 5 2 20

2.2.2. External driving force
In this section, we introduce the external driving force (c, ) that appears in (3),. This c,  term is designed such that Eqgs. (2)—(3)
predict fracture nucleation from the body of £ under uniform state stress according to the material strength surface. In this study,
we opt to use the Drucker-Prager strength surface [77] expressed as
— 2
?(Ila J2) - J2 cs o-ts I, — ocsgts - 0, (5)

+
\/—(ch + O_ts) l \/E(O'cs + o_ts)

which accurately predicts brittle fracture of materials [56,78]. The stress invariants /; and J, are defined as

I, =tr(c) = GA+2wtr[E(w)] and J, = %tr(aﬁ,) = 24 °tr[E3 (w)]
with
op=0— %tr(o-)l and Ep=E- %tr(E)I.
Here, the variable ¢ is the infinitesimal stress tensor computed as
ow
o(E) = a—E(E(H)) = 2uE(u) + Atr[E(uw)]L

For the material strength surface given in (5), we define the external driving force as

356¢ + 3G, 3w, 8¢ - 3G W,
Ce,k(llv‘l2;vk;5) _ _ \/— (0cs o_ts)_e + \/— ts Ui 7 - [ (0cs Uts)_c 4 ts Uill
20,401 8e c 20,404 8e [
- ®)
+0,[1 —sgn(,)] [ m]

Based on strongly coupled PDEs in (2)-(3) along with the external driving force in (6), we derive a fully explicit and complete
phase-field fracture theory. The detailed computational procedure is outlined in Algorithm 3. In the next section, we will compare
it with the classical strength theory based on (5).

2.3. Phase-field fracture theory versus strength theory

In this section, we compare the phase-field fracture theory and the strength theory — that will be used later as state equations in
the topology optimization formulations discussed in Section 3 — on two representative mechanical domains: under uniform stress
states and with large and sharp pre-cracks. For both scenarios, we test a broad spectrum of brittle materials shown in Table 1. The
analyses and the test results are as follows.

2.3.1. Mechanical domains with uniform stress states
We begin by considering the mechanical domains with uniform stress states. In this case, we can show that the governing
equations in (2)-(3) predicts an e-dependent strength surface expressed as [56]

12
1
334+ 20

36¢G,
8¢

With the choice of Ce in (6), the predicted strength surface can be rewritten as

< =0.

Fe(ly, Jyse) = = + Cox (I, Josv, = 1;8) —

Fe(y, Jye) =

3\/555(0'05 +0:5)G, |:\/_+ ~ Oys I, 20—cso_ts :|

1660201 V3o 400 V3O +00)
2

)
1
=+ tSII+[1+sgn(Il)][J +—1 ]

\f wts

6(34+2u)
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Fig. 2. Comparison between phase-field fracture and strength theories for mechanical domains under uniform stress states. (a)-(c) Three tested mechanical
domains under uniaxial tension, biaxial tension, and pure shear, respectively. (d)-(h) Strength surfaces of the borosilicate glass, graphite, titania, PMMA, and
artificial materials, respectively. The solid line represents the strength surface (F¢ = 0) predicted by the phase-field fracture theory in (2)-(3). The dashed line
represents the strength surface (F = 0) of the strength theory in (5). The circular dots demonstrate the failure states predicted by the phase-field fracture theory.

Remark 2. The Euler-Lagrange equations in (2)-(3) can now be interpreted as follows. Mathematically, when I, and J, increase
from zeros until F¢(I,, J,;¢) = 0, the PDE in (3) becomes unstable. At this point, the variable v, bifurcates from being identically
1 to a heterogeneous solution where v, decreases locally [56]. Mechanically, the equations in (2)-(3) implicitly define a strength
surface given by F*(1,, J,;¢) = 0. Fracture nucleation occurs when the stress state (I}, J,) reaches this surface, leading to a localized
decrease in the phase-field variable v, which further induces damage in the material elasticity by downscaling the strain energy
density (W) with ui in (2).

Remark 3. As ¢ \ 0, the strength surface predicted by (2)—(3) is reduced to

3\/555(%5 +045)G, \/72 4+ O =0 20,505 -0,

1
16e0 50 V3(6.. +0e) V3., +0p0)

which predicts the fracture nucleation the same as the classical strength theory in (5).

Py o) =

Remark 4. For finite values of ¢ > 0, the strength surface in (7) accurately predicts the fracture nucleation under the uniaxial
tensile (I, = oy, and J, = o2 /3) and compressive (I, = —o , and J, = o2 /3) loadings. This can be proved by examining
Fé(ops, 02, /3;€) = Fé(—0.5, 02 /3;6) = 0.

cs

We now compare the phase-field fracture and strength theories using numerical examples. As illustrated in Fig. 2(a)-(c), we
analyze a square domain under three representative types of uniform stress states within a plane stress condition: uniaxial tension
(6, =1 and o, = o5 = 0), biaxial tension (¢, = 6, = 7 and o3 = 0), and pure shear (¢, = —6, = f and o5 = 0). Here, o,, 5,, and o,
denote the principal stresses, and 7 = |t| represents the amplitude of the applied traction.

Based on these setups, we examine the strength surfaces of the phase-field fracture theory in (7) and the strength theory in (5) for
the five brittle materials in Table 1. As shown in Fig. 2(d)-(h), the strength surfaces derived from both theories exhibit agreement
for all five materials as expected. Additionally, to enhance understanding of the setups in Fig. 2(a)-(c), we present the failure stress
states for each material as predicted by the phase-field fracture theory using FEA.

To enable a quantitative comparison, we compute the critical applied tractions of the phase-field fracture (?:) and strength (ffr)
theories. The former is derived through a standard FEA with an element size of 4 = ¢/5 for each material, while the latter can be
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Table 2
Critical applied tractions under uniform stress states (unit: MPa).
Load cases Failure criteria Borosilicate glass Graphite Titania PMMA Artificial
Uniaxial tension Strength theory (?:r) 150.00 27.00 100.00 128.00 27.00
Phase-field fracture () 149.40 26.89 99.60 127.48 26.89
(—0.40%) (—0.40%) (—0.40%) (—0.40%) (—0.40%)
Biaxial tension Strength theory (?:r) 105.26 20.38 68.52 102.40 20.38
Phase-field fracture () 105.74 20.40 68.61 102.49 20.40
(0.45%) (0.07%) (0.14%) (0.09%) (0.07%)
Pure shear Strength theory (?:r) 150.61 23.08 106.80 98.53 23.08
Phase-field fracture (i) 147.49 22.97 105.99 98.10 22.97
(=2.07%) (—0.47%) (—0.76%) (—0.44%) (—0.47%)

analytically derived as

Ois under uniaxial tension,
26,0 L. X
r s ts under biaxial tension,
tcr = 3603 — Ots
ZGCSGtS

under pure shear.

\/g(o-cs + Gts)

. . . . -F -PF ) . . .
In Table 2, we summarize the critical applied tractions (r_, and 7_,) for the five brittle materials from Table 1. The percentages in
. -PF . -F . .
the parentheses are the relative errors of 7__ with respect to 7__. In all cases, the phase-field fracture theory agrees with the strength
theory with a relative error of less than 3%. This is because the phase-field fracture theory predicts an identical strength surface as
the strength theory when & \, 0.

2.3.2. Mechanical domains with large pre-cracks
We now consider another type of representative mechanical domain — specimens with large pre-existing cracks. According to
the strength criterion in (5), the critical applied traction (see Appendix A for derivation) is given as

-1
T m k[P el Pesta | 400 20w ) o
N Y “ 2 \/E(ch + O_ts) 3 2 \/g(o'cs + O_ts)

~ 1/2 2 —
9 =2cos! [L (—3y2 +7V972 196 + 16) ] and y = e " 0%a)
2v/6 V35 +01s)

In these expressions, the parameter « is the half crack length, and r is the distance between the material point of interest and the

s . . . -F . .
crack tip (Fig. 3(a)). The symbol Y is a dimensionless geometry-dependent parameter. Note that 7__ is r-dependent, and it represents
the minimum applied traction required to make a material point, located at a distance of r from the crack tip, violate the strength
surface in (5).

with

Remark 5. Upon examining the strength-based critical applied traction in (8), one can observe that ?fr N\ 0 as r \\ 0. This limit
analysis implies that fracture occurs immediately when an infinitesimal stress is applied to a cracked specimen, which is an unrealistic
prediction. This prediction arises from the well-known stress singularity issue in (A.1) as r \, 0, indicating that elastostatics with a
strength criterion is insufficient to predict fracture nucleation from large pre-existing cracks. This situation necessitates a new model
for fracture prediction, such as LEFM.

Based on LEFM, fracture nucleation from large pre-existing cracks does not depend on the stress state of a single material point
around the crack tip. Instead, it is controlled globally through the competition between strain and fracture energies. The critical
applied traction is given by

ek 1 /G E
1 = —1/ ==, 9
cr Y ra ©

In the same vein, the phase-field fracture theory in (2)-(3) approximates the solution of (9) when fracture nucleates from large
- L - . . -PF
pre-existing cracks. We can derive its critical applied traction, 7__, through a standard FEA.
We now compare the phase-field fracture theory and strength theory using numerical examples. As shown in Fig. 3(a), we
consider a center-cracked rectangular specimen with geometries parameterized by the regularization length, . We uniformly apply
traction loads, 7, to the top and bottom edges until the specimen fractures. To model the sharp crack, we simulate one-quarter

of the domain using symmetry. To illustrate the differences between the phase-field fracture theory and strength theory, we use
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Fig. 3. Comparison between phase-field fracture and strength theories for mechanical domains with large pre-cracks. (a) Test specimens with large pre-cracks.
The symbol X represents the material point of interest in the Cartesian (e,—e,) and polar (r-0) coordinate systems. (b) Fracture evolution of the borosilicate glass
material. The variables N and 7 are the load step counter and the amplitude of the applied traction (in MPa), respectively. The variable v is the phase field with
v =0 representing the damage. (c) Strength surface indicator (F) based on elastostatics. The value of F is limited to [—100,100] MPa for better visualization.

the borosilicate glass material in Table 1 as an example and implement the phase-field fracture model from (2)-(3) with standard
FEA subject to 100 displacement-loading steps. At each load step, we back-calculate the equivalent applied traction, 7. During the
simulation, we impose the “damaged notch condition” [56,79] by setting v = 0 in a small region ahead of the initial crack tip.

The fracture evolution at critical load steps is shown in Fig. 3(b). To compare it with the strength theory, we plot the strength
surface indicator (F) in Fig. 3(c) at the same load steps based on elastostatics. At step N = 30, the stress near the crack tip exceeds
the strength surface; however, no fracture occurs at this stage. Fracture nucleation initiates at step N = 69 and propagates by step
N = 74, leading to instantaneous structural failure at load step N = 75 due to the rapid development of a transverse crack. This
failure state persists until the final load step, N = 100, which lies beyond the Rlé%iictive scope of strength theory._ o

Next, we quantitatively compare the critical applied tractions of LEFM (7_ ), phase-field fracture theory (_ ), and strength
theory (Efr) for all materials in Table 1. For the specimen geometry and boundary conditions in Fig. 3(a), the geometry factor Y in
(8) and (9) is given as [80]

Y(a/b) = [1 ~0.025 (% )2 +0.06 (%)4} sec (%)

where b is the half domain width. To compute ;ii,

o e . . . . -F . .
satisfies v = 0, indicating fracture nucleation around the crack tip (Fig. 3(b)). As for the computation of ¢__, it has been discussed

we associate it with the instance when the phase field at the material point (¢, 0)

-F . N . . - .
that 7. \, 0 as r \, 0. However, for the stress-constrained topology optimization that will be introduced later, it is also meaningful
. -F L
to examine the value of 7__ at some finite distance r. Here, we choose r = &.
In Table 3, we summarize the critical applied tractions (;ESFM, EZ, and ;fr) for the five brittle materials listed in Table 1. The
. . . -LEFM i . .
percentages in parentheses represent the relative errors compared to the LEFM solution (¢_, ). Notably, the critical applied traction
- . —PF . - . LEFM, . -
predicted by the phase-field fracture theory (7_,) closely aligns with the LEFM solution (¢_, ) with relative errors less than 6%.

-, . . . . . -LEFM o
Conversely, the critical applied traction predicted by the strength theory deviates from the LEFM solution (s_ ), underestimating
the fracture resistance of structures even at a finite distance (r = €) from the crack tip.

2.3.3. Summary of the comparisons
After comparing the phase-field fracture and strength theories, we summarize their fracture predictions as follows. Specifically,
the phase-field fracture theory in (2)-(3) considers fracture nucleation

+ in the body of the design domain under a uniform stress state is controlled by a built-in strength surface of materials (F¢ =0
in (7)),
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Table 3
Critical applied tractions of the center-cracked specimen (unit: MPa).
Failure criteria Borosilicate glass Graphite Titania PMMA Artificial
LEFM () 73.89 18.39 72.77 95.86 18.39
Phase-field fracture (") 73.96 18.27 68.40 90.44 18.27
(0.09%) (~0.63%) (~6.00%) (~5.66%) (-0.63%)
Strength theory (?;) 22.90 4.37 14.94 21.56 4.37
(—69.01%) (=76.23%) (=79.47%) (=77.51%) (=76.23%)

« from large pre-existing cracks is governed by Griffith’s competition [58] between strain energy (through W (E)) and fracture
energy (through G.),
« in all other scenarios involves the interaction [56] between the material’s strength surface and Griffith’s energy competition.

Additionally, the phase-field fracture theory considers that fracture propagation
» is also governed by Griffith’s energy competition.
As for the strength theory in (5), it identifies the fracture nucleation whenever

+ the strength surface of materials is violated (F > 0) irrespective of the uniformity of the stress state or the geometric
singularities.

Moreover, the strength theory does not account for fracture propagation. In the next sections, we will recap and examine topology
optimization formulations based on the phase-field fracture and strength theories, where the differences between the two fracture
criteria become more pronounced.

3. Stress-constrained and fracture-based topology optimization

In this section, we present the stress-constrained [21] and fracture-based [7] topology optimization formulations, with the
corresponding algorithms provided in Appendix B. These formulations are built upon the state equations established in Section 2
and will be compared in Section 4.

3.1. Design space parameterization

To proceed with both stress-constrained and fracture-based topology optimization, we begin by parameterizing the design
space [3]. Specifically, we define a dimensionless and continuous scalar field, p(X) € [0, 1], as the design variable. To alleviate
the mesh dependency and avoid the checkerboard patterns of the optimized designs, we apply a linear filter [81] and derive the
filtered design variable as

/ wX, XHpX"HdX’
16, S e — 10)

/ w(X, X")dxX’
Q

where the coefficient w(X, X’) = max{0, R—|X — X’|} is a weighting factor determined by the filter radius (R > 0) and the Euclidean
distance (|]X —X’|) between material points X and X’. To promote solid-void optimized designs, we further apply a Heaviside
projection [82] on the filtered design variable (5) and derive the projected (or physical) design variable as

S0 - Enh(0) + tanh(FGX) — 0))
P = T anh(p0) + tanh(A(1 — 0))

where f is the sharpness parameter, and # = 0.5 is the projection threshold. The projected design variable describes the material
distribution with p(X) = 0 being void and p(X) = 1 being solid.

a1

3.2. Stress-constrained topology optimization

3.2.1. Material property interpolation
After design space parameterization, we introduce the material property interpolation for the stress-constrained topology
optimization formulation. Precisely, we specify

E@)=[ng+(—np)p’*1E, and v(p) =y, 12)

based on the modified version [4] of the method of solid isotropic material with penalization (SIMP) [3]. In these expressions, the
constants E,, and v, represent the Young’s modulus and Poisson’s ratio of the solid material (p = 1), respectively. The parameter
ng = 107% is a sufficiently small positive number to prevent the singularity of the stiffness matrix. The parameter p = 3 penalizes
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intermediate projected design variable (p € (0, 1)). The variables E(p) and v(p) are the interpolated Young’s modulus and Poisson’s
ratio, respectively, and they can be converted to the interpolated Lamé constants (4(p) and u(p)) through
A3) = E(p)v(p) E(p)
(1 +v(p)(1 - 2v(p)) 2(1 +v(p)
Additionally, we can interpolate the material strength surface in (5) as

and u(p) =

Py, J20) = [ng + (1 = np)E1A( g, J50) = 0

with
\/5(6 +04s0) Goup — O
A(ll,(),-’z’o) - cs,0 ts.,0 /-]2,0 + cs,0 ts.0 [1’0 1
20-<:s,0‘7ts,0 2ch,OO-ts,O
where
Ey E)
I, := tr(E(w)] and J,, := ————tr[E2 (u)].
10 1= T gy rIE)] 20 = 3 v MEDW)

In these expressions, the constants o, and o are the uniaxial tensile and compressive strengths of the solid material (p = 1),
respectively.

3.2.2. Topology optimization formulation
Based on the above setup, we present the stress-constrained topology optimization formulation as

maximize II(p,u(p)) = / W (E(u); p)dX;
0<p<1 o

813, u(P) = [np + (1 =) F1A A2 +1) SO for e=1,..., Neten;

| (13)
subject to &) = — / pdX -V* <0
2] /o

equilibrium equations in (1).

In this formulation, we maximize the structural stiffness by maximizing the total strain energy (I7) under the displacement loading
(see discussion about “maximizing” energy in Appendix C). Additionally, we impose the polynomial-vanishing [20] stress constraints
(g1, < 0) at each element centroid (N elem elements in total) with an AL-based formulation that preserves the local nature of the
stress [21,28,66]. Finally, we impose a material volume constraint (g, < 0) with V* representing the allowable material volume
fraction. The detailed algorithm of the stress-constrained formulation in (13) is provided in Appendix B.1.

The selection of the stress-constrained topology optimization in (13) merits further explanation. Classical stress-based formu-
lations typically minimize material usage while satisfying a stress constraint [20,21,23,83], which generally ensures a converged
optimized design by implicitly setting the allowable volume fraction to its maximum, V* = 1. In contrast, the stress-based formulation
in (13) aims to maximize structural stiffness while constraining both stress states and material usage. This choice is motivated
by three key reasons. First, explicitly maximizing strain energy/stiffness (alternatively setting additional constraints to ensure
minimal stiffness) is necessary to form a structure when the design domain is subjected to displacement-controlled (rather than
force-controlled) loadings. Second, the formulation in (13) aligns with scenarios involving limited material availability, as in other
topology optimization problems [4,8,84]. Finally, it allows for a more direct comparison with the fracture-based formulation in
(16) that will be introduced later, where both formulations share the objective of maximizing structural initial stiffness. Different
from minimizing the material volume (with additional minimal stiffness constraints), maximizing strain energy/stiffness encourages
the optimized designs from both formulations to utilize all available materials, which enables a consistent comparison of structural
performances (i.e., initial stiffness, effective toughness, and the crack displacement) of different optimized designs. However, we
emphasize that, when using either the stress-constrained or fracture-based formulation independently, users retain the flexibility to
modify the objective and constraint functions for specific design requirements.

3.3. Fracture-based topology optimization

In this section, we introduce another type of topology optimization formulation [7] for controlling fracture behaviors, which is
built upon the phase-field fracture theory [56] summarized in Section 2.2.

3.3.1. Material property interpolation
We begin by interpolating the fracture-related material properties (E, v, G,, 65, and o,) as

E(p) = ng+(1 - ﬂE);pE]EO» vip)=vy, G.(p) = ['I(;E +(1 - G, )ﬁpGL']GC,o,

1 1
Vs(p) Vs(p) 14)

O_cs(ﬁ) = [ncs + (1 - ncs)ﬁpd]ocsi}’ Uts(:—O) = [nts + (1 - rlts)ﬁpg]o_ts,()

10
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with a scaling factor [7]

(ng+(1 - 'YE)I_WE][’?GC +d- WGC)EFG"]
[Mes + (1 - ﬂts)ﬁpg]z .

The variables Ey, vy, G., 050, and oy are properties of the solid material (p = 1). The parameters #z, fg,, fcs, and 7,5 take

sufficiently small positive values to prevent the singularity when p = 0. The parameters py, PG, and p, penalize the elasticity (E),
critical energy release rate (G,), and strengths (o, and o.,) when p € (0, 1), respectively.

s(p) = (15)

Remark 6. The phase-field fracture model in (2)—(3) implicitly features a material length scale
3G,E

2
8og

£

c

when the uniaxial tensile strength (o.) is dominant. This material length scale can be made independent of p with the material
property interpolation rules in (14) with (15) because

1 _ | N
[’IL+(1—nc)ppr]Gc,}{ g+ —n )p“]E}
_3GPE® _3 { Ner G 0 E £PE1E,

%) s(p) _ 3G K
c ) -2 — > = 2 .
SO'tS(_p) 8 {[nts + (1 - nts)ppg]gts,o} SUtS,O

Remark 7. To make E(p) in (14) close to the modified version [4] of the SIMP rule [3] for elasticity, which has shown effective
penalization of intermediate values of p and (approximated) satisfaction of physical bounds of elasticity for various p values, we
enforce

sO) =1 = ngng, =ng,

for p =0 and

EPEEPGC

—2p,
e

s(p) =

=1 = pp+ps =2p,
for p € (0,1] as ng \\ 0, g, 0, and 7,4 \\ 0.
Remark 8. A fracture may occur due to the relatively small strength in the regions of p \, 0. To avoid such artificial behavior, we
require
P’ <",

which is akin to the relaxation scheme in [19]. Additionally, to eliminate the artificial higher compressive strength when p \, 0, we
enforce

O_cs(o) = O_ts(o) = McsOcs0 = NesOts0-

3.3.2. Topology optimization formulation
After material property interpolation, we present the fracture-based topology optimization formulation as [7]

m%)iirglize J(piup,uy, o UN UL gy UN) = @I, — 0 p T + @, 11,5
=p=

5 = ﬁ / X - V* <0; (16)
Q

equilibrium equations in (2)-(3).

subject to

In this formulation, we maximize the weighted sum of the integrated elastic energy (/1,), integrated fracture energy (11 ,), and total
work (I1,,) through the weights, o,, ®,, and ,, respectively. These three energy terms are defined as

m, = 1 ng - zk_l)/ [v3_, W (E_,):p) + vi W (E(u,); p)] dX
2 k=1 Q

1 3G.(p) [(1— vy 1-uv,
=3 ;(tk - t"‘l)/g g <T +eVu_ Vo | + " + eV - Vo )| dX a7

N
1 , W ) 4 —
Moz, L [ 5 B2+ 5 B0 P N- o

where n is a critical load step of selection, and N is the number of all load steps. In the fracture-based formulation in (16), we adopt
the same material volume constraint (g) as the stress-constrained one in (13). In accordance with [7], we will consistently use (16)

11
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Table 4
Model inputs (extracted from [7]) for the stress-constrained and fracture-based formulations.
Model inputs Stress-constrained formulation Fracture-based formulation
Young’s modulus (E) E, =980 MPa E, =980 MPa
ng =107 g =107
PE=3 P =3
Poisson’s ratio (v) vy =0.13 vy =0.13
Compressive strength (o) Ges0 =77 MPa 0.9 =717 MPa
- Nes = 3.51x 1070
- Py =25
Tensile strength (o) Gys0 = 27 MPa Gys0 = 27 MPa
- N = 107
- Py =25
Critical energy release rate (G,) - G,y =091 N/mm
- ng, = 107
- PG, =2
Regularization length (¢) - £=0.15 mm
Calibrated parameter (5¢) - 8¢ =6.48

for all fracture-based designs in Section 4 except for the fracture 2 design in Fig. 6(b), where we reformulate (16) as
maximize J(piup,uy, .. uys 0,0, o) = 1T
81(py 1,0y, o) =TT =05
subject to &(p) = L / pdX -V* <0;
2] /o
equilibrium equations in (2)-(3).

(18)

to make it analogous to the stress-constrained formulation in (13). The detailed algorithm of the fracture-based formulations in (16)
and (18) are provided in Appendix B.2.

Remark 9. The phase-field fracture theory in (2)—(3) utilizes a scaled strain energy density, uiW(E(uk)), to capture the damage in
elasticity due to fracture. This scaled strain energy density exhibits nonlinearity with respect to the loading time, #,. To address this
nonlinearity, the fracture-based formulation in (16) optimizes the area under the scaled strain energy-time curve. In contrast, the
strain energy density in elastostatics (Eq. (1)) is linear with respect to loading time. As a result, the stress-constrained formulation
(Eq. (13)) can directly optimize the non-scaled, end strain energy density, W (E(u)).

4. Sample examples for comparing the two formulations

In this section, we systematically compare the stress-constrained and fracture-based topology optimization formulations by
examining their optimized designs for three groups of benchmark examples. Specifically, Section 4.1 compares the optimized designs
for intact and notched beams under three-point bending. The intact beam features fracture nucleation from smooth boundaries,
whereas the notched beam highlights fracture nucleation from large pre-existing cracks. Next, Section 4.2 examines T-shaped corbels
with equal and unequal tension—compression strengths of the material. These corbels demonstrate the fracture nucleation from sharp
corners, and here we also examine the residual fracture resistance of optimized designs after the first crack occurrence. Finally,
Section 4.3 evaluates the designs’ performance for an unnotched column under uniaxial tension and a notched column under Mode
I loading. The former features fracture nucleation from the bulk of materials, and the latter once again features fracture nucleation
from large pre-existing cracks. For all examples, we consistently employ the model inputs in Table 4 (extracted from [7]) unless
stated otherwise.

To quantify the structural responses of the optimized designs, we consistently use the following metrics. To determine the initial
stiffness (K), we define

K = 2 / W (E(u,))dX,
)
uy Q

where u;(X) = u(X,#,) and u; = u(r;) are the displacement field (u) and the amplitude of the applied displacement (u) at the first
load step, respectively. To capture the critical applied displacement (u,) when the first fracture occurs, we define

u, = min{u(ty_)| Fut,_)) > Fu(y))},
where F represents the resultant reaction force. Note that u, corresponds to the first drop of the F-u curve. To compute the effective

toughness (¥) of the structures, we define

N

1 Z Fu(t) + Fu(ty_,))
240 ulty) —utey)

¥ =

12
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Table 5
Topology optimization parameters of stress-constrained and fracture-based formulations.
Examples Designs Volume Filter Weighting Target
fractions radii factors fracture
" (R in mm) (0, : @ I ,) displacements
(u, or u, in mm)
Section 4.1.1: Stiffness 0.45 1.20 - -
Intact beam Stress 0.45 1.20 - 2.40
Fracture 1 0.45 1.20 0.20 : 0.80 : 0.00 2.40
Fracture 2 0.45 1.20 0.20 : 0.80 : 0.00 2.80
Section 4.1.2: Stiffness 0.45 1.50 - -
Notched beam Stress 0.45 1.50 - 1.60
Fracture 1 0.45 1.50 0.20 : 0.80 : 0.00 1.60
Fracture 2 0.45 1.50 - 1.60
Section 4.2.1: Stiffness 0.40 0.25 - -
Corbel with equal Stress 0.40 0.25 - 0.60
strengths
Fracture 0.40 0.25 0.20 : 0.80 : 0.00 0.60
Section 4.2.2: Stiffness 0.40 0.25 - -
Corbel with unequal Stress 0.40 0.25 - 0.70
strengths
Fracture 1 0.40 0.25 0.15 : 0.85 : 0.00 0.70
Fracture 2 0.40 0.25 0.10 : 0.90 : 0.00 0.90
Fracture 3 0.40 0.25 0.25 : 0.55 : 0.20 0.60
Section 4.3.1: Stiffness 0.40 0.30 - -
Unnotched column Stress 0.40 0.30 - 0.25
Fracture 1 0.40 0.30 0.20 : 0.80 : 0.00 0.25
Fracture 2 0.40 0.30 0.20 : 0.70 : 0.10 0.40
Section 4.3.2: Stiffness 0.80 0.60 - -
Notched column Stress 0.80 0.60 - 0.15
Fracture 0.80 0.60 0.05: 0.70 : 0.25 0.05

which denotes the area below the F—u curve of optimized designs. Similarly, we define the post-fracture effective toughness (¥,) as

1 < F@t) + F@t_)
2k=l+l u(ty) —u(te_y)

where / is the load step corresponding to the first fracture occurrence (u,). In all subsequent numerical examples, we define u as the
amplitude of the final applied displacement. In the fracture-based formulation, we set u, € [0,u] as the lower bound of the fracture
displacement, corresponding to the critical load step (n) in (17). In the stress-constrained formulation, we define the counterpart as
u, = u, and the stress remains within the strength surface (F = 0) up to this displacement.

Based on the model inputs in Table 4 and the performance measurements (K, u,, ¥, and ¥,) defined above, we proceed with
the comparative study. To solve the elastostatics problem in (1), we use a direct solver to derive the displacement field. For the
phase-field fracture problem in (2)-(3), we decouple it into two subproblems with a staggered strategy (alternating minimization).
We solve the displacement subproblem in (2) with a direct solver, and the phase-field subproblem in (3) using the Newton-Raphson
scheme and the generalized minimal residual (GMRES) algorithm [85].

To perform the stress-constrained and fracture-based topology optimization, we utilize the adjoint method [4] to evaluate the
sensitivities and employ the method of moving asymptotes (MMA) [86] to update the design variable (p(X)). The key topology
optimization parameters of the two formulations are summarized in Table 5. The stress-constrained formulation is implemented
in MATLAB, while the fracture-based formulation is implemented by generalizing FEniTop? [87] (FEniCSx-based [88] topology
optimization). Following topology optimization, we perform the fracture analysis for all designs with (2)-(3) based on the body-fitted
mesh with the same element size as the fixed-grid mesh used in topology optimization. The optimized designs of both formulations
are presented below, and a summary of computational costs is provided in Appendix D.

4.1. Intact and notched beams under three-point bending
In this section, we compare the two formulations by analyzing their optimized designs for intact and notched beams under
three-point bending. These two design domains — featuring fracture nucleation from smooth boundaries and large pre-existing

cracks, respectively — serve as fundamental tests for assessing the effectiveness of the two formulations in enhancing brittle fracture
resistance.

2 The open-source code is available at https://github.com/missionlab/fenitop.
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Fig. 4. Comparison among the optimized stiffness, stress, and fracture designs for an intact beam under three-point bending. (a) Design setup including the
design domain and boundary conditions. The geometries are in a unit of mm. The variable u is the amplitude of the applied displacement (u). (b) Optimized
designs (p), strength surface indicators (F), and fracture paths. The strength surface indicators are plotted for 7 € [—1,0] MPa at the load step immediately
preceding the first fracture propagation, while the fracture paths are depicted at the final load step and determined using the phase-field fracture theory in
(2)—(3). The green text represents the member thickness. (c) Force-displacement (F-u) responses of the optimized designs. (d) Comparisons of the normalized
performance measurements, 7, = u,/ max(u,), K=K / max(K), and P = ¥/ max(¥). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

4.1.1. Intact beam under three-point bending

We begin by considering the intact beam under three-point bending as shown in Fig. 4(a). To perform topology optimization,
we discretize the design domain with a structured mesh consisting of 120,000 first-order quadrilateral elements of size 2 = 0.05 mm.
For both formulations, we adopt a volume fraction of V* = 0.45 and a filter radius of R = 1.2 mm. After topology optimization, we
perform the fracture analysis in (2)—(3) for all optimized designs based on body-fitted meshes.

The optimized designs, strength surface indicators, and fracture paths are shown in Fig. 4(b). For reference, we present one
stiffness-maximization design (labeled as stiffness), which is obtained by deactivating the stress constraint in (13). Additionally,
we display one stress-constrained design (labeled as stress) with a target fracture displacement of u, = 2.4 mm. We also present two
fracture-based designs with critical displacements of u, = 2.4 mm (labeled as fracture 1) and u, = 2.8 mm (labeled as fracture
2), respectively. Based on Fig. 4(b), all optimized designs share the same topology. However, compared to the stiffness design,
which has a bottom member thickness of 1.63 mm, the stress design requires a thicker member at 2.14 mm. The two fracture
designs also exhibit larger thicknesses, with fracture 1 at 1.99 mm and fracture 2 at 2.25 mm. This increase in member
thickness reduces the average tensile stress along the longitudinal direction, thereby delaying fracture nucleation. To quantitatively
compare the performance of the optimized designs, we present the force-displacement (F-u) curves in Fig. 4(c) and display the
normalized performance measurements (4, = u,/ max(u,), K=K / max(K), and Py / max(¥)) in Fig. 4(d). Several observations
can be made as follows. First, compared to the stiffness design (v, = 1.9 mm), both the stress and fracture 1 designs
effectively delay fracture nucleation to u, = 2.5 mm and u, = 2.4 mm, respectively, meeting the target value of 2.4 mm. Second,
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Fig. 5. The history of the objective function (J) for fracture 1 in Fig. 4(b).

with a critical displacement of u, = 2.8 mm, the fracture 2 design further delays fracture nucleation to u, = 2.8 mm. The stress-
constrained formulation fails to generate a converged design for u, = 2.8 mm, which is due to the volume constraint imposed on the
optimization problem in (13) as discussed in Section 3.2.2. Finally, all optimized designs exhibit similar initial stiffness (K), while
the fracture 2 design demonstrates the largest effective toughness (¥) due to the delayed onset of fracture.

We reiterate that the design domains and optimized structures in this example feature fracture nucleation from smooth
boundaries, which is governed by both the material’s strength surface (F = 0) and critical energy release rate (G,) [56]. For
moderately large target fracture displacements (2.4 mm in this case), both the stress-constrained and fracture-based formulations are
effective, producing optimized designs with comparable fracture performance. However, under a larger target fracture displacement
(2.8 mm in this case), the fracture-based formulation continues to generate converged designs with the desired fracture behavior,
demonstrating greater flexibility. In contrast, the stress-constrained formulation shows the difficulty in preventing the strength
surface violation and struggles to produce converged designs. In this case, the enforcement of stress constraints becomes an overly
strict condition for ensuring fracture resistance, as the violation of the strength surface (F > 0) under a non-uniform stress state does
not necessarily trigger fracture nucleation [74].

Remark 10. The optimized designs in Fig. 4(b) exhibit different fracture locations in the bottom members due to several factors.
Mathematically, the phase-field fracture problem in (16) is inherently non-convex [56,75] and allows for multiple solution pairs
of (u,(X), v, (X)). Computationally, while plane symmetry is enforced in the optimized design (p(X)) and boundary conditions, the
displacement and phase fields prior to fracture onset may exhibit slight asymmetry due to rounding errors in floating-point operations
on modern computers. Consequently, fracture nucleation can occur on either the left or right side, echoing the stochastic nature of
fracture observed in real-world structures. Importantly, this variation in nucleation position generally does not impact key fracture
performance metrics (4, f<\, and YA/), as shown by the smooth convergence history of the objective function in Fig. 5. Moreover, for
explicit control over this randomness, one can introduce a stochastic distribution of material strengths (e.g., Fig. 11(b) in [89]) to
capture nondeterministic fracture paths in practical applications.

4.1.2. Notched beam under three-point bending

In this section, we revisit the three-point bending beam in Fig. 4(a) while prescribing a large pre-crack, as shown in Fig. 6(a).
To perform topology optimization, we discretize the design domain with an unstructured mesh consisting of 107,200 first-order
quadrilateral elements of average size 4~ = 0.05 mm. For both the stress-constrained and fracture-based formulations, we adopt a
volume fraction of V* = 0.45 and a filter radius of R = 1.5 mm. After topology optimization, we perform the fracture analysis
described in (2)—(3) for all optimized designs based on body-fitted meshes.

The optimized designs, strength surface indicators, and fracture paths are shown in Fig. 6(b). Similar to Fig. 4(b), we present
a stiffness-maximization design (labeled as stiffness) as a reference. We also present one stress-constrained design (labeled as
stress) with a target fracture displacement of u, = 1.6 mm. Additionally, we present two fracture-based designs: fracture 1,
corresponding to the multi-objective formulation in (16), and fracture 2, corresponding to the modified formulation in (18),
which takes a similar form to the stress-constrained formulation in (13). Both fracture 1 and fracture 2 use the same critical
displacement of u, = 1.6 mm.

Based on Fig. 6(b), the stiffness design retains the pre-crack, whereas both the stress and fracture 1 designs replace
the pre-existing crack with a smooth boundary to delay fracture nucleation through different mechanisms. In the stress design, the
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Fig. 6. Comparison among the optimized stiffness, stress, and fracture designs for a notched beam under three-point bending. (a) Design setup including the
design domain and boundary conditions. The geometries are in a unit of mm. The variable u is the amplitude of the applied displacement (u). (b) Optimized
designs (p), strength surface indicators (F), and fracture paths. The strength surface indicators are plotted for 7 € [—1,0] MPa at the load step immediately
preceding the first fracture propagation, while the fracture paths are depicted at the final load step and determined using the phase-field fracture theory in (2)—(3).
(o) Fgrc&displacement (F-u) responses of the optimized designs. (d) Comparisons of the normalized performance measurements, &, = u,/ max(u,), K=K / max(K),
and ¥ =¥/ max(¥).

pre-crack induces stress concentration around the crack tip (e.g., Fig. 3(c)), causing the stress state to exceed the strength surface
(F = 0). To satisfy the stress constraint, the stress design replaces the pre-crack with rounded corners, dispersing stress and
reducing stress amplitudes to delay fracture onset. Conversely, in the fracture 1 design, the pre-crack readily triggers fracture
propagation based on Griffith’s energy competition, leading to a nonzero integrated fracture energy (11, in (17)). The fracture
1 design minimizes /1, through the multi-objective function in (16) by enforcing vy(X) = v;(X) = - = v,(X) = 1, which in turn
implies no fracture propagation and then the removal of the pre-crack. Beyond the removal of the pre-crack, we observe that the
fracture 1 and fracture 2 designs are nearly identical. This agreement suggests that both fracture formulations in (16) and
(18) yield comparable optimized structural performance.

To quantitatively compare the responses of the optimized designs, we present their force-displacement (F-u) curves in Fig.
6(c) and normalized performance indicators (i, = u,/max(u,), K=k / max(K), and P =y /max(¥)) in Fig. 6(d). Compared
to the stiffness design with a critical displacement of u, = 1.0 mm, all of the stress-constrained and fracture-based designs
effectively delay fracture nucleation, meeting the target value of 1.6 mm. Furthermore, stress-constrained and fracture-based designs
exhibit comparable performance in terms of u,, K, and ¥, with the stress-constrained design slightly outperforming fracture designs.
Therefore, we conclude that for design domains with pre-existing cracks, where enhanced toughness is primarily achieved through

delaying fracture nucleation, both formulations produce optimized designs with comparable performance, albeit through different
mechanisms.

4.2. T-shaped corbels with equal and unequal strengths

After analyzing the three-point bending beams, we now compare the stress-constrained and fracture-based formulations on
another benchmark design domain: T-shaped corbels [23] with equal and unequal tensile-compressive (o.;—0.) strengths. These
examples are representative because they feature fracture nucleation from sharp corners. Additionally, through these examples, we

highlight the consideration of fracture propagation in the fracture-based formulation.
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Fig. 7. Comparison among the optimized stiffness, stress, and fracture designs for a T-shaped corbel with equal tensile (c,,) and compressive (o ;) strengths.
(a) Design setup including the design domain and boundary conditions. The geometries are in a unit of mm. The variable u is the amplitude of the applied
displacement (u). The variables o, and o, are the principal stresses. (b) Optimized designs (p), strength surface indicators (), and fracture paths. The strength
surface indicators are plotted for 7 € [—1,0] MPa at the load step immediately preceding the first fracture propagation, while the fracture paths are depicted
at the final load step and determined using the phase-field fracture theory in (2)-(3). (c) Force-displacement (F-u) responses of the optimized designs. (d)
Comparisons of the normalized performance measurements, @, = u,/ max(u,), K=K / max(K), and P = ¥ / max(¥).

4.2.1. Corbel with equal tensile and compressive strengths

We begin by considering a T-shaped corbel with equal tensile (¢,.) and compressive (¢ ) strengths. As shown in Fig. 7(a), we
clamp the top and bottom edges of the corbel and apply a downward displacement loading (x) in the middle of the right edge. The
material inputs are the same as those in Table 4 except that here we use o, = 6, = 27 MPa, which reduces the Drucker—Prager
strength surface in (5) to a von Mises strength surface as

3J50

-1 19)

F () = - —==0 and A(Jyp) :=
\/5 o'ts,O

Correspondingly, the §¢ parameter used in (3), is re-calibrated to 2.43. To perform topology optimization, we discretize the design
domain with a structured mesh consisting of 40,000 first-order quadrilateral elements. For both the stress-constrained and fracture-
based formulations, we adopt an allowable volume fraction of ¥* = 0.4 and a filter radius of R = 0.25 mm. After topology
optimization, we perform the fracture analysis based on (2)-(3) for all optimized designs with body-fitted meshes.

The optimized designs, strength surface indicators, and fracture paths are shown in Fig. 7(b). We present one stress-constrained
design (stress) with a target fracture displacement of u, = 0.6 mm and one fracture-based design (fracture) with a critical
displacement of u, = 0.6 mm. We also present a stiffness-maximization design (stiffness) as a reference. In both stress and
fracture designs, the sharp corners are replaced with smooth boundaries through different mechanisms — the stress design
detects the stress concentration, while the fracture design senses Griffith’s competition of energies and its interaction with the
strength criterion [56]. In contrast, the stiffness design retains the two sharp corners.
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To quantitatively compare these optimized designs, we present the force-displacement (F-u) responses in Fig. 7(c) and the
normalized performance indicators (&, = u,/max(u,), K =K / max(K), and P o= ¥ /max(¥)) in Fig. 7(d). Compared to the
stiffness design, both the stress and fracture designs successfully delay fracture nucleation to the target value of 0.6 mm
while maintaining sufficient initial stiffness. The stress design shows a larger failure displacement by slightly sacrificing initial
stiffness. Due to the delayed fracture nucleation and sufficient initial stiffness, both stress and fracture designs exhibit
improvements in effective toughness (¥ = 8.1 Nmm and ¥ = 6.2 N mm, respectively) compared to the stiffness design (¥ =2.7
N mm). Therefore, both stress-constrained and fracture-based formulations are effective in delaying fracture nucleation for design
domains with sharp corners.

4.2.2. Corbel with unequal tensile and compressive strengths

We revisit the same corbel depicted in Fig. 7(a), but now with distinct tensile and compressive strengths as specified in Table 4
and illustrated in Fig. 8(a). We maintain all configurations from Section 4.2.1 for topology optimization, adjusting only the target
fracture displacement (u,) for stress-constrained designs and the critical displacement (u,) for fracture-based designs. Following
topology optimization, we conduct phase-field fracture analysis with (2)—(3) for all optimized designs based on body-fitted meshes.

The optimized designs alongside their fracture paths are illustrated in Fig. 8(b). It includes one stiffness-maximization design
(stiffness) for reference and a stress-constrained design (stress) with a target fracture displacement of u, = 0.7 mm.
Additionally, three fracture-based designs are shown: fracture 1 with 4, = 0.7 mm and w,, = 0 (similar to the stress-constrained
setup), fracture 2 with 4, = 0.9 mm and w,, =0, and fracture 3 with u, = 0.6 mm and »,, = 0.2. For the fracture 3 design,
an applied displacement of u = 1.0 mm, greater than u, = 0.6 mm, is set to evaluate its post-fracture toughness during topology
optimization.

The observations are as follows. Compared to the stiffness design, both the stress and fracture 1 designs deviate from
plane symmetry to take advantage of higher compressive strength (¢ ) and delay structural failure. Additionally, the stress and
fracture 1 designs smooth the top sharp corner to reduce tensile stress, while maintaining the sharp corner at the bottom due
to the redundancy in compressive strength. For a larger target failure displacement of 0.9 mm, the fracture-based approach still
generates a viable design (fracture 2), whereas the stress-constrained method fails to converge due to an underestimation of
structural fracture resistance. Notably, by optimizing for post-fracture toughness with a nonzero w,,, the fracture 3 design forms
a porous structure similar to that in [90], exhibiting sequential fracture nucleations and propagation.

Beyond the fracture paths, we present the strength surface indicators of the optimized designs in Fig. 8(c). The stiffness design
exhibits concentrated stress around the top sharp corner, whereas all stress-constrained and fracture-based designs effectively
disperse the stress concentration. This dispersed stress distribution helps delay fracture nucleation. It is because fracture nucleation
occurs either at sharp corners or smooth boundaries (Fig. 8(b)), which is governed by both the strength criteria and Griffith’s energy
competition [56].

To quantitatively compare the optimized designs in Fig. 8(b), we present their force-displacement (F-u) curves and normalized
performance indicators (i, = u,/ max(u,), K = K/ max(K), ¥ = ¥/ max(¥), and ‘f’l =¥,/ max(¥))) in Fig. 8(d). We observe that the
stress and fracture 1 designs exhibit similar performance, delaying failure displacement to the target value of 0.7 mm while
maintaining sufficient initial stiffness compared to the stiffness design. Additionally, the fracture 2 design further postpones
failure displacement to 0.9 mm, albeit with a slight sacrifice in initial stiffness. Interestingly, the fracture 3 design shows a plateau
after initial fracture nucleation, achieved by multiple drops due to fracture re-nucleation (Fig. 8(e)). In contrast to the catastrophic
failure observed in other designs, the fracture 3 design demonstrates the highest post-fracture effective toughness (¥,), despite
the inherent brittleness of the used materials.

In summary, for design domains featuring sharp corners prone to fracture nucleation, both stress-constrained and fracture-based
formulations produce optimized designs with comparable performance when targeting relatively small failure displacements (0.7 mm
in this study). However, for the requirement of larger failure displacements (0.9 mm) with constrained material usage or when
emphasizing post-fracture effective toughness, the fracture-based approach is recommended.

4.3. Unnotched and notched columns under vertical loadings

In this section, we compare stress-constrained and fracture-based formulations for both unnotched and notched columns. In the
unnotched column, fracture nucleation originates from the bulk of the material, whereas in the notched column, it initiates from
pre-existing defects. These two cases illustrate that the two formulations are equivalent when fracture failure is solely governed by
material strength. However, when other factors come into play, the fracture-based formulation offers superior post-crack toughness.
Detailed results and analyses are provided below.

4.3.1. Unnotched column under uniaxial tension

We begin by analyzing the unnotched column in Fig. 9(a). This design domain is subjected to uniaxial tension with an applied
displacement of u. It consists of an intact region with a tensile strength of o, = 27 MPa and a damaged region in the center with
a reduced tensile strength of 5., = 10 MPa (the 6° parameter is calibrated to 7.42). For the topology optimization, the design
domain is discretized using a structured mesh comprising 40,000 first-order quadrilateral elements of size 47 = 0.05 mm. Both the
stress-constrained and fracture-based formulations employ a target volume fraction of V* = 0.4 and a filter radius of R = 0.3 mm.
A non-uniform initial guess (Fig. 9(b)) is used in both formulations to “mislead” them to direct more material toward the damaged
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Fig. 8. Comparison among the optimized stiffness, stress, and fracture designs for a T-shaped corbel with unequal tensile (¢,,) and compressive (c_,) strengths.
(a) Design setup including the design domain and boundary conditions. The geometries are in a unit of mm. The variable u is the amplitude of the applied
displacement (u). The variables ¢, and o, are the principal stresses. (b) Optimized designs and their fracture paths evaluated with the phase-field fracture theory
in (2)-(3). (c) Strength surface indicators (F) of the optimized designs. The strength surface indicators are plotted for the load step immediately preceding
the first fracture propagation, and the scalar bar range corresponds to the minimum and maximum F value for each design. (d) Force-displacement (F-u)
responses of the optimized designs and the comparisons of the normalized performance measurements, i, = u,/max(u,), K=K / max(K), P = ¥/ max(¥), and
'f’, =¥,/ max(¥,). (e) Fracture nucleation and propagation in the fracture 3 design in (c). The variable v € [0, 1] is the phase field.

region. Following topology optimization, a fracture analysis is performed with (2)-(3) on all optimized designs using body-fitted
meshes.

The optimized designs and their corresponding fracture paths are shown in Fig. 9(c). For reference, we include one stiffness-
maximization design (stiffness) that concentrates all material around the damaged region, where fracture nucleates and
propagates. This design is misled by the non-uniform initial guess in Fig. 9(b) due to the absence of strength information. By
setting u, = 0.25 mm for the fracture-based formulation and u, = 0.25 mm for the stress-constrained formulation, both produce
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Fig. 9. Comparison among the optimized stiffness, stress, and fracture designs for an unnotched column. (a) Design setup including the design domain and
boundary conditions. The design domain consists of an intact region with a tensile strength of o,, = 27 MPa and a damaged region with a tensile strength of
6. = 10 MPa. The geometries of the design domain are in a unit of mm. The variable u is the amplitude of the applied displacement (u). (b) Non-uniform
initial guess of the topology optimization problem. (¢) Optimized designs and their fracture paths evaluated with the phase-field fracture theory in (2)—(3). The
target fracture displacements u, and u, are measured in mm. (d) Strength surface indicators (F) of optimized designs at u = 0.25 mm based on the elastostatics
(no fracture analysis). The value of F is limited to [—-5,5] MPa for better visualization. (e) Force-displacement (F-u) responses of the optimized designs and the
comparisons of the normalized performance measurements, i, = u,/ max(u,), and K=K / max(K), and = ¥/ max(¥).

identical optimized designs — fracture 1 and stress, respectively. These designs appear as separate columns that successfully
circumvent the damaged regions in contrast to stiffness. When u, is increased from 0.25 mm to 0.40 mm, the fracture-based
formulation results in the fracture 2 design, which features curved load paths. However, the stress-constrained formulation fails
again to generate a converged design for u, = 0.40 mm, likely due to the applied displacement being too large for the formulation’s
restrictive stress constraints and the imposition of the volume constraint.

To explain the performance differences among the optimized designs, we plot the strength surface indicators (F) at u = 0.25 mm
in Fig. 9(d) based on elastostatics (without fracture analysis). The stiffness design exhibits a severe violation of the strength
surface (F > 0) in the middle attributed to the damaged material, which leads to premature structural failure. In contrast, both
the fracture 1 and stress designs effectively circumvent the damaged material and do not violate the strength surface at
u = 0.25 mm, allowing for delayed fracture onset. As for the fracture 2 design, the majority of materials satisfy the strength surface

condition (F < 0). Although some scattered material points violate the strength surface, they do not induce fracture nucleation due
to the non-uniform stress states.
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To gain deeper insights into these optimized designs, we plot their force-displacement curves and compare normalized
performance metrics (4, = u,/max(u,), K =K / max(K), and P = ¥/ max(¥)) in Fig. 9(e). The stiffness design fractures
prematurely at u = 0.100 mm, while the fracture 1 (stress) design delays fracture until u = 0.275 mm (175% improvement)
while maintaining the same stiffness of K = 392 N/mm. This improvement occurs because the target fracture displacement —
u, = 0.25 mm for fracture 1 and u, = 0.25 mm for stress — remains below the theoretical threshold of

Gtsly
E
for an intact column (or separate intact columns) of arbitrary widths with height /, under uniaxial tension. In this scenario, fracture
nucleation is solely controlled by material strength. Consequently, for an applied displacement u < 0.275 mm, both the stress-
constrained and fracture-based formulations produce identical columns that achieve the same stiffness as the stiffness design.
For u > 0.275 mm, optimized designs like fracture 2 need to develop curved load paths to reduce stiffness and delay fracture,
which becomes controlled by both strength and the critical energy release rate. Therefore, only the fracture-based formulation

generates a converged design for u, = 0.4 mm.

From this example, we conclude that the stress-constrained and fracture-based formulations are equivalent when fracture
nucleation is controlled solely by strength, as in columns under uniaxial tension with sufficiently small applied displacement.
Otherwise, the fracture-based formulation provides a more reliable design.

=0.275 mm

NI

4.3.2. Notched column under mode I loading

In our final example, we compare the stress-constrained and fracture-based formulations for a pre-notched column, as shown in
Fig. 10(a). The column is partially fixed on the left side and subjected to Mode I loading with an applied displacement amplitude
of u. For topology optimization, the design domain is discretized using an unstructured mesh of 24,500 first-order quadrilateral
elements with an average size of 4 = 0.05 mm. Both the stress-constrained and fracture-based formulations employ a target volume
fraction of V* = 0.8 and a filter radius of R = 0.6 mm. Additionally, the initial guess (Fig. 10(b)) includes triangular voids inspired
by [1]. After topology optimization, a fracture analysis is conducted with (2)—(3) on all optimized designs using body-fitted meshes.

In this example, we aim to generate fracture-resistant structures with maximum effective toughness. For the fracture-based
formulation, we set a critical displacement of u, = 0.05 mm. During topology optimization, we use an applied displacement of
u = 1.50 > 0.05 mm and a non-zero value of w,, = 0.25 to access and maximize structural toughness. For the stress-constrained
formulation, we generate a series of designs with target fracture displacements of u, € {0.05,0.10,0.15,0.20,0.25} mm and select one
converged design that exhibits the highest product of initial stiffness (K) and target fracture displacement (u,).

The force-displacement curves of optimized designs are shown in Fig. 10(c). We analyze one stress and one fracture
design, along with a stiffness-maximization design (stiffness) for reference. The stiffness and fracture designs exhibit
comparable initial stiffness values (K = 108.3 N/mm and K = 84.7 N/mm, respectively) and the same fracture displacement
(u, = 0.2 mm). In contrast, the stress design has a lower initial stiffness (K = 53.0 N/mm) but achieves a higher fracture
displacement (u, = 0.3 mm). Additionally, the stress design fails immediately after fracture nucleation, exhibiting minimal post-
crack toughness (¥, = 1.3 Nmm) and total toughness (¥ = 3.6 N mm). In contrast, the stiffness design demonstrates unexpectedly
higher post-crack toughness (¥, = 6.2 Nmm) and total toughness (¥ = 8.1 Nmm). The fracture design, as expected, displays the
highest post-crack toughness (¥, = 8.9 Nmm) and total toughness (¥ = 10.5 N mm).

To understand these differences in performance, we plot the optimized designs in Fig. 10(d) and their phase-field predictions at
the final load step in Fig. 10(e). The stress design replaces the pre-existing notch with a round hole, reducing stress concentration
and delaying fracture nucleation. As loading increases, the fracture nucleates from the round hole and deflects toward the top edge,
resulting in the shortest crack length (I, = 2.2 mm) among the three designs. In contrast, the fracture design retains the notch tip,
thereby promoting fracture nucleation and propagation, ultimately producing the longest crack, which traverses nearly the entire
structure. This seemingly counterintuitive fracture promotion occurs because both post-crack toughness (¥;) and total toughness (¥)
are positively correlated with fracture propagation energy, which in return scales with crack length. As a result, the fracture-based
formulation maximizes ¥, and ¥ by promoting a longer fracture path in the optimized design. The stiffness design, on the
other hand, concentrates material near the loading area to create the shortest load paths and maximize initial stiffness. It retains
the entire pre-notch due to the lack of strength and critical energy release rate information. Interestingly, this retained pre-notch
leads to a moderately long crack length of /. = 6.9 mm, giving the stiffness design higher ¥, and ¥ values than the stress
design (Fig. 10(f)).

This example reinforces the conclusion that the fracture-based formulation is preferable when post-crack toughness (¥;) and/or
total toughness (¥) are critical. The fracture-based formulation leverages the critical energy release rate (G,), which governs fracture
propagation energy and, consequently, post-crack and total toughness. Additionally, we highlight that, in contrast to encouraging
multiple fracture re-nucleations (such as fracture 3 in Fig. 8(b)), promoting fracture propagation of a single crack (such as
fracture in Fig. 10(d)) is also effective in maximizing structural toughness.

5. Final comments
Ever since the invention of topology optimization, stress-constrained and fracture-based formulations have become popular and
effective approaches for optimizing the fracture resistance of structures. However, the applicability to different design scenarios

remains unclear — particularly regarding the necessity of the complex and computationally expensive fracture-based formulation.
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Fig. 10. Comparison among the optimized stiffness, stress, and fracture designs for a notched column. (a) Design setup including the design domain and boundary
conditions. The design domain is pre-notched, and its geometries are in a unit of mm. The variable u is the amplitude of the applied displacement (u). (b)
Non-uniform initial guess of the topology optimization problem. (c¢) Force-displacement (F-u) responses of the optimized designs. (d) Optimized designs and
fracture paths evaluated with the phase-field fracture theory in (2)—(3). The variable /, is the crack length, and the crack tips are marked by the green dashed
lines. (e) Phase fields evaluated with (2)-(3). (f) Comparisons of the normalized performance measurements, @, = u,/ max(u,), K=K / max(K), 'f', =¥,/ max(¥)),
and ¥ = ¥/ max(¥).

This work revisits the stress-constrained and fracture-based formulations and comprehensively examines their underlying physics and
functionalities. We demonstrate that the underlying physics of both approaches predicts similar fracture nucleation for specimens
under uniform stress states (Table 2), while the elastostatics applied in the stress-constrained formulation greatly underestimate the
fracture resistance of cracked specimens (Table 3).

To highlight the impact of differing underlying physics on topology optimization, we systematically compare the two formulations
by examining their optimized designs in six representative design setups: three-point bending beams with and without pre-cracks,
T-shaped corbels with equal and unequal tensile-compressive strengths, and notched and unnotched columns under vertical loadings.
Through these comparisons, we provide insights on when and why one should use a specific formulation for a given design domain,
boundary condition, and design objective. Below are the conclusions:

(i) For design domains where fracture nucleates in the bulk under uniform stress states controlled by the material’s strength
surface (F = 0), both formulations work effectively and yield similar optimized designs, albeit through different mechanisms.
The stress-constrained formulation uses an explicitly defined strength surface in (5), while the fracture-based formulation
employs an implicit yet equivalent (when ¢ \, 0) strength surface in (7).

(ii) For design domains where fracture nucleates from large pre-existing cracks governed by Griffith’s energy competition, the
fracture-based formulation should be used to accurately predict the failure displacement. However, when the applied loading
is moderately large, the stress-based formulation can detect the stress concentration and remove the large existing cracks.

(iii) For design domains where fracture nucleates in other scenarios — such as in the bulk with non-uniform stress states, from
small pre-existing cracks, or from smooth or sharp boundary points — controlled by the interaction of strength surface and
Griffith’s energy competition, the fracture-based formulation offers higher accuracy, while the stress-based formulation is
recommended for higher computational efficiency.

(iv) For design objectives involving post-fracture toughness and fracture propagation, the fracture-based formulation should be
used to account for fracture re-nucleation and propagation.
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Despite these conclusions, it is essential to note that the fracture-based formulation in (16) addresses brittle fracture resistance,
while the stress-constrained formulation in (13) enhances the structural resistance to general stress-dependent failures beyond
brittle fracture (e.g., plasticity). Additionally, the stress-constrained formulation is simpler and computationally efficient, whereas
the fracture-based formulation necessitates a nonlinear, strongly coupled-field fracture analysis. Therefore, the fracture-based
formulation faces a significant computational bottleneck in design scenarios involving intricate three-dimensional structures and
multiple load cases. Practically, one can choose to utilize both formulations synergistically to balance accuracy and efficiency. For
instance, the optimized design from stress-constrained optimization can be used as the initial guess for subsequent fracture-based
optimization. Alternatively, one can perform stress-constrained topology optimization (for design domains with relatively uniform
stress states) and then verify the optimized design through fracture analysis.

We also note that while the comparisons in this study primarily focus on isotropic linear elastic brittle materials governed by the
Drucker-Prager (Eq. (5)) and von Mises (Eq. (19)) strength surfaces, the conclusions largely extend to anisotropic materials and other
strength criteria. This generality arises because the stress-constrained and fracture-based formulations examined here inherently
accommodate any strength surface through a general form (F = 0), representing a wide range of isotropic [20] and anisotropic [91]
material types. Additionally, the key findings are primarily driven by the fact that, regardless of material anisotropy or the chosen
strength criterion, the phase-field fracture theory [56] predicts the same failure surface as the strength theory under uniform stress
states and as € \, 0, while also utilizing G, information to accurately predict fracture nucleation from large pre-existing cracks and
the subsequent fracture propagation. However, beyond the elastic regime, the comparison between stress-constrained and ductile-
fracture-based [92] (or even purely plasticity-based [26,93]) topology optimization remains an open problem that merits further
exploration.
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Appendix A. Strength-based critical applied traction for cracked specimen
In this section, we derive the critical applied traction for cracked specimens based on the strength criterion in (5). For a specimen

with a large pre-existing crack (e.g., Fig. 3(a)), the stress components at a material point (r, §) around the crack tip (set as the origin
of a polar coordinate system) can be computed as

K 0 < .0 . 30)
o = cos — (1 —sin = sin —
2zr 2 2 2
0y = K cosg<l+singsinﬁ>
2= — 3 o) 5 (A1)
0 . 0 36
opp = Cos = sin = cos =—
2zr 2 2 2

where K = o4/zaY is the stress intensity factor depending on the applied stress (¢), half crack length (a), and specimen geometry
(Y). Under the plane stress assumption, we can compute the stress invariants /; and J, near the crack tip as

2
2K cosg and Jz=%<;—‘—cos2g)coszg.

Substituting I, and J, into the strength criterion in (5) derives an algebraic equation of the critical stress intensity factor (K

as
K - 2K 2
F(ly,Jy) = —= cos Q\/ ;—l —cos2 & 4 Jee T s < cosd - Tes%ts ),
2zr AR 2 \/E(O'CS + 0yg) \/2_7”' 2 \/E(o'cs +04s)
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After solving for the K ., we compute the critical applied traction as

-1
- K 2 2 -
I:r(r’g)zizl‘lgse(;g& |:1/;—l—coszg+M] . (A.2)
Yyra YV @ 2\30 4oy |V 2 V3o +ow)
Note that ?:r is a function of both r and cos(6/2) in the form of

S

_F
Ta(r0) = 3 os@/2)

with

2 2o, —
Foy=2 % 20 and hicos(@/2) = cos & |1/ 2 —cos2 & + 2o m0w) |
Y \/g(o_cs + ots) a 2 3 2 \/g(o_cs + Gts)

After some algebra, we can show that the maximizer of h(cos(/2)) and the minimizer of ;:r(r, 0) conforms to

=L (37> + 707 +96 + 16)1/2 and y= e =0t (A.3)
2\/6 \/g(o'cs + o_ts)

Finally, solving (A.3) for 6 and then substituting it into (A.2) renders the r-dependent strength-based critical applied traction in (8).

1)

Ccos

Appendix B. Computer algorithms of stress-constrained and fracture-based formulations
In this section, we provide the computer algorithms for implementing stress-constrained and fracture-based formulations.

B.1. Computer algorithm for the AL-based stress-constrained formulation

To enable representative stress-constrained topology optimization, we adopt the AL-based methodology in the educational
paper of PolyStress [94] with the following modifications: (1) accommodating different von Mises and Drucker-Prager strength
surfaces [20,23], (2) transitioning from force-loading to displacement-loading in FEA, and (3) incorporating the MMA optimizer to
accommodate the volume constraint (g,) in (13). The AL-based stress-constrained formulation is detailed below.

In the AL scheme, we sequentially solve a series of optimization subproblems to approximate the solution of the original one in
(13). In subproblem i, we modify the original objective function (J) with an AL version (£()) defined as

£9 (p,u) =J (p.u) + PO (p,u), (®.1)

where P is the augmented penalty function expressed as

Nelem

R N (i)
P ) = e % {20 o)+ B2 n, G 32)

e=

Here, the parameter is the Lagrange multiplier estimator of element e in subproblem i, and ) > 0 is a penalty factor. The
function h, represents an equality constraint defined as

v
e

7
h, (p,u) = max {gLE (p.u), —ﬁ } ,

where we recall g, , is the element-wise polynomial-vanishing [20] local stress constraint in (13).
Using the solution 3* of subproblem i, we update the Lagrange multiplier estimator (;1\(;“)) and the penalty coefficient (a0+D)
for subproblem i + 1 as
)’:gm) _ )’:gi) + ﬁ(i)he (5(i’*)’u) and 79D = max {aﬁ(i)’ﬂmax} (B.3)
with some constant @ > 1 and 4™ as the upper bound of i*" for numerical stability. For all examples in Section 4, we use /TE,D =0,
aY =10, @ = 1.05, and p™** = 10*. Additionally, we allow for 5 AL iterations within each optimization subproblem. The computer
algorithm for the AL-based stress-constrained formulation is presented in Algorithm 1.

B.2. Computer algorithm for the fracture-based formulation

The computational algorithm for the fracture-based topology optimization formulation in (16) is detailed in Algorithm 2, which
builds upon the pseudo-code of the phase-field fracture theory presented in Algorithm 3.
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Algorithm 1: Computer algorithm for the stress-constrained formulation in (13)

1 Inputs: maximum optimization iteration, N°P*; maximum inner AL iteration, NL; number of finite elements, N°°"; tolerance for

updating the AL penalty parameter, 2; initial design variable, p©;

2 Initialize the AL parameters, E(E” «0fore=1,2,..., Ne¥em and ;M « 10;
3 Initialize the optimization iteration counter (subproblem counter), i < 1;
4 while i < N°Pt do

5

o N o

10

11

Initialize the design variable of optimization iteration i and AL iteration 1, p! « pl=D;

Initialize the inner AL iteration counter, k « 1;

while k < N4L do

Convert the design variable (p®) to the filtered design variable (X)) with the linear filter in (10);

Convert the filtered design variable (5%*) to the projected/physical design variable (E“‘k)) with the Heaviside projection in (11);

Interpolate the material properties, E(E(i'k)) and v(ﬁ(i‘k)), based on the physical design variable (E("k)) and interpolation rules in
(12);

Compute the displacement field (u“*) by solving the linear elastostatics problem in (1) based on the interpolated material
properties (EG™) and v y);

Compute the value and sensitivity of the AL penalty function (P“®) in (B.2) based on R GO ﬁ\g), and a¥;

Compute the values and sensitivities of the objective (J) and non-stress-constraint (g,) functions in (13);

Add the AL penalty function (P%®) to the original objective function (J) in (B.1).

Update the design variable (p**") based on the function values and sensitivities as well as the MMA optimizer;

Compute the change of the design variable, ¢, < max |p@¢++1) — p@0)|;

Update the inner AL iteration counter, k < k + 1;

end
Update the Lagrange multiplier estimator (//11""”) based on (B.3),;
if ¢, < AL then
‘ Update the AL penalty factor (#(+") based on (B.3),;
else
‘ Let ﬁ(iﬂ) - ﬁ(’);
end
Update the design variable, p) < pl*+D of optimization iteration i;
Update the optimization iteration counter, i < i + 1;

end

Algorithm 2: Computer algorithm for the fracture-based formulation in (16)

1
2
3
4
5
6

10
11

Inputs: maximum optimization iteration, N°Pt;
Initialize the optimization iteration counter, i « 1;
while i < N°Pt do
Convert the design variable (p) to the filtered design variable (p) with the linear filter in (10);
Convert the filtered design variable (p) to the projected/physical design variable (p) with the Heaviside projection in (11);
Interpolate the fracture-related material properties, E(p), v(p), G.(p), o.5(p), and o¢(p), based on the physical design variable (p)
and interpolation rules in (14);
Compute the displacement field (u) and phase field (v) of all load steps based on the interpolated material properties (E(p), v(p),
G.(p), 6.5(p), and o4(p)) and Algorithm 3;
Compute the values and sensitivities of the objective and constraint functions;
Update the design variable (p) based on the function values and sensitivities as well as the MMA optimizer;
Update the optimization iteration counter, i < i + 1;
end

Appendix C. Stiffness maximization with nonzero Dirichlet boundary values

C.1. Maximizing versus minimizing strain energy

In this section, we explain why to maximize the strain energy (W) in (13) and (16) — instead of minimizing the strain energy

like the classical “compliance minimization” formulation in [4] (note that compliance C = 2W in linear elasticity) — for maximizing
initial structural stiffness. We illustrate this point with a one-dimensional spring with stiffness, k. One end of the spring is fixed,
and we now consider two load cases on the other end.

* Subjected to the appliezd force of f # 0. The strain energy is W = 72 /2k. Minimizing the strain energy gives the maximized
stiffness because k = f /2W.
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Algorithm 3: Computer algorithm for the phase-field fracture problem in (2)-(3)

1 Inputs: maximum load step in FEA, N5'°P; maximum stagger iteration, N5%3& « 100; maximum Newton iteration, NPeWtoR — 50;
relative tolerances of displacement and phase fields of stagger iterations, RS*28:% « 107% and RS'28:V « 107, respectively; absolute
and relative tolerances of Newton iterations, A®¥t°" « 1050 and R™®Vto" 103, respectively;

2 Initialize the converged displacement and phase fields at load step 0, u, < 0 and v, < 1, respectively;

3 Initialize the load step counter, j « 1;

4 while j < NSteP do

5 Initialize the displacement and phase fields at load step j and stagger iteration 0, u;, < u;_; and v;, < v;_;, respectively;

6 Initialize the stagger iteration counter, k « 1;

7 while k < N5t%9 do

8 Solve for the displacement field (u j,k) at load step j and stagger iteration k from the displacement subproblem in (2) based on

Vjk-15

9 Initialize the phase field at load step j, stagger iteration k, and Newton iteration 0, U?.k < Ui

10 Initialize the Newton iteration counter, [ < 1;

1 while / < N"evton do

12 Solve for the phase field increment (5”?& at load step j, stagger iteration k, and Newton iteration / from the phase field
subproblem in (3) based on u;, and v/ ;

13 Update the phase field at load step j, stagger iteration k, and Newton iteration /, ”;Tk - vﬁ‘ + 6v§.‘k;

14 Compute the absolute 2-norm of the global residual vector of (3), a}k ;

15 Compute the relative 2-norm of the global residual vector, rj_»k « a;'k /“}.k 5

16 ifd, < Arewton or pL < RMeUEN then

17 Break the Newton iteration;

18 end

19 Update the Newton iteration counter, / < [ + 1;

20 end

21 Record the converged phase field at load step j and stagger iteration k, v;; < Uj’,k;

22 if k =1 then

23 Compute the absolute 2-norms of the global displacement and phase field vectors, u;‘j’m =1|U;,|l, and vjf?rm =1Vl
respectively;

24 Initialize the relative 2-norms of the changes of displacement and phase fields, r}“{ <1 and r%] « 1, respectively;

25 else

26 Compute the absolute 2-norms of the changes of the global displacement and phase field vectors, Auﬁir‘“ =1U;x = Ul
and Av;‘j(’m =|V;x =V, .11, respectively;

27 Compute the relative 2-norms of the changes of displacement and phase fields, rﬁ",l - Auﬁzrm /u‘/{‘]’rm and rﬂ - Avj‘j(’m / v?cl’rm,
respectively;

28 end

29 if ’% < R®%%9:% gnd ri”}( < R®%%9:Y then

30 Break the stagger iteration;

31 end

32 Update the stagger iteration counter, k « k + 1;

33 end

34 Record the converged displacement and phase fields at load step j, u; < u;, and v; < v;, respectively;

35 Update the load step counter, j « j + 1;

36 end

- Subjected to the applied displacement of # # 0. The strain energy is W = ki’ /2, and maximizing the strain energy gives
maximized stiffness because k =2 W /Ez.

Therefore, the selection between minimizing and maximizing the strain energy/compliance for maximizing stiffness depends on
boundary conditions. See the related discussion for hyperelasticity in [95].

C.2. Sensitivity analysis with nonzero Dirichlet boundary values

In this section, we derive the complete sensitivity expression of the compliance (C = 2W) when involving nonzero Dirichlet
boundary values. Importantly, this complete sensitivity expression is different from the classical one expressed as [4]

dc 10K €1

dp, 0p,
— no matter whether we minimize or maximize C. Here the compliance C = Fi** . U = UTKU. Symbols K, U, and F** are the
global stiffness matrix, displacement vector, and internal force vector, respectively. The variable p, is the design variable of finite
element e.
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Table D.6

Computational time of stress-constrained and fracture-based formulations.
Sections of examples DOF counts  Stress-constrained Fracture-based

Per iter. (s) Total (h) Per iter. (s) Total (h)

Section 4.1.1 241,902 41.9 7.1 (600 iters.) 314.6 (16 cores) 52.4 (600 iters.)
Section 4.1.2 216,318 48.9 8.2 (600 iters.) 136.2 (16 cores) 22.7 (600 iters.)
Section 4.2.1 81,002 12.0 2.1 (600 iters.) 216.0 (12 cores) 36.0 (600 iters.)
Section 4.2.2 81,002 13.1 2.2 (600 iters.) 74.2 (16 cores) 12.4 (600 iters.)
Section 4.3.1 80,802 13.0 1.8 (500 iters.) 140.2 (8 cores) 19.5 (500 iters.)
Section 4.3.2 49,798 8.1 1.3 (600 iters.) 590.8 (16 cores) 98.5 (600 iters.)

We now define the global residual vector as R = Fi®® — Fe*t with F®** representing the global external force vector. Note that
Fext depends only on the applied traction (t) and body force (b), and the elements of R can be nonzero for fixed degrees of freedom.
For clarity, we separate all global quantities based on the fixed (represented by subscript d) and free (represented by subscript f)
degrees of freedom and derive

t
R= [Rd] _ [Ka’d de] [Ud] _ ¥
R,| 7 [Kpy Kpp||Uf| " [Fo
where we note that R, # 0 and R, = 0.
Next, we construct the Lagrangian expression (6) of the compliance (C) based on the adjoint method as [4]
C=C+1,-R;
where A, is an arbitrary adjoint vector to be determined. Taking the derivative of C with respect to p. yields

o U oR RN\ T U
dc _d€ _oic o g 7 [( /) f]. s

_— == == _ < C—_—
dp, dp, dp, U, dp, ' op, au, ap,

as 0U, /dp, = 0. Regrouping terms gives the sensitivity as

dc  oc oR; oR,\T oc | 9Uy;
== 4a,- L) a4+ =] 2L
dpe ape ’ ape an an ape

To eliminating the expensive term, oU r /0p,, we set

RN, o _aC Ay = 2K\ K, U, +U
au,) M=, T OMET (K7 KaUa +Uy)
by noticing (dR;/0U f)T = K} ;= K, and oC/0U; = 2(K U, + K, U,). Therefore, the complete sensitivity expression of
compliance is derived as
oK 0K,

-1 fd ff
U= 2Ky KygUa +Up) - < o5 at 6_me> ’
which can be reduced to (C.1) if and only if U; = 0 — i.e., without non-zero Dirichlet boundary values. We note that the sensitivity
analysis presented here pertains to elastostatics by enforcing v = 1. For sensitivity computations involving phase-field fracture, we
refer interested readers to Appendix B of [7].

dp, 0p,

dc UTﬁ

Appendix D. Computational time of stress-constrained and fracture-based formulations

In this section, we compare the stress-constrained and fracture-based formulations from a computational perspective. As
detailed in Section 4, the stress-constrained formulation is implemented using MATLAB, while the fracture-based formulation
is implemented with FEniTop software [87]. The MATLAB implementation utilizes vectorized operations and MEX functions to
accelerate computations, and the FEniTop implementation leverages the Message Passing Interface (MPI) for parallel computing.
Both implementations are run on identical hardware: an AMD Ryzen Threadripper PRO 3995WX CPU with 64 physical cores and
256 GB of memory.

The computational time per optimization iteration and total runtime for both formulations are summarized in Table D.6, where
we evaluate a single design case for each example and formulation. Despite differences in software environments, the fracture-based
formulation typically requires 3-20 times more computational time than the stress-constrained formulation. An exception is the
notched column example in Section 4.3.2, which takes 76 times longer due to early fracture nucleation and the increased number
of load steps required.

The discrepancy in computational time between the two formulations arises from the fundamental differences in the underlying
physics: the stress-constrained formulation solves a linear, single-field elastostatics problem in (1), while the fracture-based
formulation deals with a nonlinear, strongly coupled-field fracture problem in (2)-(3). The latter requires three additional nested
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iterative loops (Algorithm 3) — an outer loop for load steps in the FEA, a middle staggered loop for solving the coupled fields, and
an inner Newton-Raphson loop to handle the nonlinearity of the phase field subproblem in (3). Consequently, the fracture-based
formulation is inherently more time-consuming and demands advanced computational techniques for acceleration, such as parallel
computing, robust monolithic (rather than staggered) solvers [96], and adaptive mesh refinement [97].

Data availability

Data will be made available on request.
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