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ARTICLE INFO ABSTRACT
Keywords: Plasticity is inherent to many engineering materials such as metals. While it can degrade the
Plasticity load-carrying capacity of structures via material yielding, it can also protect structures through
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Energy dissipation

plastic energy dissipation. To fully harness plasticity, here we present the theory, methods, and
applications of a topology optimization framework that simultaneously optimizes structural ge-
ometries and material phases to customize the stiffness, strength, and structural toughness of
designs experiencing finite strain elastoplasticity. The optimization formulation includes various
objective functions and functional constraints. The framework accurately predicts structural re-
sponses by employing a rigorous, mechanics-based elastoplasticity theory that ensures isochoric
plastic flow. It also effectively identifies optimal material distributions using a gradient-based op-
timizer, where gradient information is obtained via a reversed adjoint method to address history
dependence, along with automatic differentiation to compute the complex partial derivatives.
We demonstrate the framework’s capabilities by optimizing a range of 2D and 3D multimaterial
elastoplastic structures under large deformations with diverse real-world applications, including
energy-dissipating dampers, load-carrying beams, impact-resisting bumpers, and cold working
profiled sheets. These optimized multimaterial structures reveal important mechanisms for im-
proving design performance under large deformations, such as the transition from kinematic to
isotropic hardening with increasing displacement amplitudes and the formation of twisted regions
that concentrate stress, enhancing plastic energy dissipation. Through the superior performance of
these optimized designs, we demonstrate the framework’s effectiveness in tailoring elastoplastic
responses across various material types, hardening behaviors, and numbers of candidate materials
as well as handling various design objectives and constraints. This work offers a systematic ap-
proach for optimizing next-generation multimaterial structures with elastoplastic behaviors under
large deformations.

1. Introduction

Plasticity is a fundamental physical phenomenon describing the permanent deformation of solids [1], which is inherent to critical
materials such as metals, woods, foams, and soils. These materials form the backbone of engineering structures. The irreversible
nature of plasticity holds two faces: it can cause undesirable deformations and a loss of structural load-carrying capacity or enable
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$p$


$J^\texttt {p}$


\begin {equation}\label {Material Interpolation Functions} \overline {\chi }(\mathbf {X}) = \left [\varepsilon _\rho + (1-\varepsilon _\rho ) \overline {\rho }^{p_\chi }(\mathbf {X}) \right ] \sum _{n=1}^{N^\texttt {mat}} \overline {\xi }_n^{p_\xi }(\mathbf {X}) \chi _n \quad \text {for} \quad \chi \in \{ \kappa , \mu , k, h \}.\end {equation}


\begin {equation}\label {Interpolated First PK Stress} \widecheck {\mathbf {P}}(\mathbf {F}, \widecheck {\mathbf {F}}; \phi ) = \phi \mathbf {P}(\widecheck {\mathbf {F}}) - \phi \boldsymbol {\sigma }^\texttt {l}(\boldsymbol {\epsilon }(\widecheck {\mathbf {F}})) + \boldsymbol {\sigma }^\texttt {l}(\boldsymbol {\epsilon }(\mathbf {F})).\end {equation}


\begin {equation}\label {Interpolated Left-hand Side} \nabla \mathbf {v} : \widecheck {\mathbb {C}} : \nabla \delta \mathbf {u} = \phi ^2 \nabla \mathbf {v} : \widehat {\mathbb {C}}(\widecheck {\mathbf {F}}) : \nabla \delta \mathbf {u} + (1-\phi ^2) \nabla \mathbf {v} : \mathbb {C}^\texttt {l} : \nabla \delta \mathbf {u}.\end {equation}


$_2$


$\Omega _0 \subset \mathbb {R}^3$


$\mathbf {X} \in \Omega _0$


$\mathbf {u}(\mathbf {X})$


$\mathbf {F}(\mathbf {X}) = \mathbf {I} + \nabla \mathbf {u}(\mathbf {X})$


\begin {equation*}\mathbf {b}(\mathbf {X}) = \mathbf {F}(\mathbf {X}) \mathbf {F}^\top (\mathbf {X}) \quad \text {and} \quad \mathbf {C}(\mathbf {X}) = \mathbf {F}^\top (\mathbf {X}) \mathbf {F}(\mathbf {X}),\end {equation*}


\begin {equation}\label {Finite Strain Tensors} \mathbf {E}(\mathbf {X}) = \dfrac {1}{2}(\mathbf {C} - \mathbf {I}).\end {equation}


\begin {equation*}\mathbf {F}(\mathbf {X}) = \mathbf {F}^\texttt {e}(\mathbf {X}) \mathbf {F}^\texttt {p}(\mathbf {X})\end {equation*}


$\mathbf {F}^\texttt {e}(\mathbf {X})$


$\mathbf {F}^\texttt {p}(\mathbf {X})$


$\mathbf {F}(\mathbf {X})$


$\mathbf {F}^\texttt {p}$


$\mathbf {b}(\mathbf {X})$


\begin {equation}\label {Elastic Part of b} \mathbf {b}^\texttt {e}(\mathbf {X}) = \mathbf {F}^\texttt {e}(\mathbf {X}) {\mathbf {F}^\texttt {e}}^\top (\mathbf {X})\end {equation}


$\mathbf {C}(\mathbf {X})$


\begin {equation}\label {Plastic Part of C} \mathbf {C}^\texttt {p}(\mathbf {X}) = {\mathbf {F}^\texttt {p}}^\top (\mathbf {X}) \mathbf {F}^\texttt {p}(\mathbf {X}).\end {equation}


$n$


$\Omega _0$
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$\mathbf {F}_n^\texttt {p}$


$\mathbf {C}_n^\texttt {p}$


$\Omega _n$


$\mathbf {F}_n^\texttt {e}$


$\mathbf {b}_n^\texttt {e}$


$\Omega _0$


$\Omega _n$


$\mathbf {F}_n$


$n+1$


$\Omega _0$


$\Xi _{n+1}$


$\mathbf {F}_{n+1}^\texttt {p}$


$\mathbf {C}_{n+1}^\texttt {p}$


$\Omega _{n+1}$


$\mathbf {F}_{n+1}^\texttt {e}$


$\mathbf {b}_{n+1}^\texttt {e}$


$\Omega _0$


$\Omega _{n+1}$


$\mathbf {F}_{n+1}$


$\Omega _n$


$\Omega _{n+1}$


\begin {equation*}\mathbf {f}_{n+1} = \mathbf {F}_{n+1} \mathbf {F}_n^{-1}.\end {equation*}


\begin {equation*}\overline {\mathbf {F}} = J^{-1/3} \mathbf {F}, \quad \overline {\mathbf {b}}^\texttt {e} = {(J^\texttt {e})}^{-2/3} \mathbf {b}^\texttt {e}, \quad \text {and} \quad \overline {\mathbf {f}} = J_f^{-1/3} \mathbf {f},\end {equation*}


\begin {equation*}J = \text {det}(\mathbf {F}), \quad J^\texttt {e} = \text {det}(\mathbf {F}^\texttt {e}), \quad J^\texttt {p} = \text {det}(\mathbf {F}^\texttt {p}), \quad \text {and} \quad J_f = \text {det}(\mathbf {f}).\end {equation*}


\begin {equation}\label {Strain Energy Density Function} W(J^\texttt {e}, \overline {\mathbf {b}}^\texttt {e}) = U(J^\texttt {e}) + \overline {W}(\overline {\mathbf {b}}^\texttt {e}),\end {equation}


$U$


$\overline {W}$


\begin {equation}\label {Volumetric and Deviatoric Engery} U(J^\texttt {e}) = \dfrac {\kappa }{2} \left \{ \frac {1}{2}\left [(J^\texttt {e})^2-1\right ] - \ln J^\texttt {e} \right \} \quad \text {and} \quad \overline {W}(\overline {\mathbf {b}}^\texttt {e}) = \dfrac {\mu }{2} \left [ \text {tr}(\overline {\mathbf {b}}^\texttt {e}) - 3 \right ],\end {equation}


$\mu $


$\kappa $


\begin {equation}\label {Kirchhoff Stress} \widehat {\boldsymbol {\tau }} = \dfrac {\partial W}{\partial \mathbf {F}^\texttt {e}} {\mathbf {F}^\texttt {e}}^\top = \boldsymbol {\tau }^\texttt {vol} + \widehat {\mathbf {s}} = J^\texttt {e} U'(J^\texttt {e}) \mathbf {I} + \mu \ \text {dev} (\overline {\mathbf {b}}^\texttt {e}),\end {equation}


$\widehat {\boldsymbol {\tau }}$


$\boldsymbol {\tau }^\texttt {vol} = J^\texttt {e} U'(J^\texttt {e}) \mathbf {I}$


$\widehat {\mathbf {s}} = \mu \ \text {dev} (\overline {\mathbf {b}}^\texttt {e})$


\begin {equation*}\boldsymbol {\xi } = \widehat {\mathbf {s}} - \text {dev}(\overline {\boldsymbol {\beta }}) \quad \text {with} \quad \overline {\boldsymbol {\beta }} = J^{-2/3} \boldsymbol {\beta }\end {equation*}


$\boldsymbol {\beta }$


\begin {equation}\label {Flow Rules} \mu J^{-2/3} \text {dev}( \mathcal {L}_v \mathbf {b}^\texttt {e} ) = - 2 \overline {\overline {\mu }} \gamma \mathbf {n} \quad \text {and} \quad \text {tr}( \mathcal {L}_v \mathbf {b}^\texttt {e} ) = 0,\end {equation}


\begin {equation}\label {Kinematic Hardening Laws} \mu J^{-2/3} \text {dev}( \mathcal {L}_v \boldsymbol {\beta } ) = \dfrac {2}{3} h \overline {\overline {\mu }} \gamma \mathbf {n} \quad \text {and} \quad \text {tr}( \mathcal {L}_v \boldsymbol {\beta } ) = 0.\end {equation}


$h$


$\gamma \geq 0$


$\mathbf {n}$


$\mathbf {n} = \boldsymbol {\xi } / \lVert \boldsymbol {\xi } \rVert $


$\lVert \boldsymbol {\xi } \rVert = \sqrt {\boldsymbol {\xi } : \boldsymbol {\xi }}$


$\overline {\overline {\mu }}$


\begin {equation*}\overline {\overline {\mu }} = \overline {\mu } - \dfrac {1}{3} \text {tr}(\overline {\boldsymbol {\beta }}) \quad \text {with} \quad \overline {\mu } = \dfrac {\mu }{3} J^{-2/3} \text {tr}(\mathbf {b}^\texttt {e}).\end {equation*}


$\mathcal {L}_v$


\begin {equation*}\mathcal {L}_v \mathbf {T} = \varphi _* \left [ \dfrac {\partial }{\partial t} \varphi ^* (\mathbf {T}) \right ]\end {equation*}


$\mathbf {T}$


$t$


$\varphi ^*$


$\varphi _*$


\begin {equation*}\varphi ^*(\mathbf {T}) = \mathbf {F}^{-1} \mathbf {T} \mathbf {F}^{-\top } \quad \text {and} \quad \varphi _*(\mathbf {T}) = \mathbf {F} \mathbf {T} \mathbf {F}^\top ,\end {equation*}


\begin {equation}\label {Yield Criterion} f(\boldsymbol {\xi }, \alpha ) = \lVert \boldsymbol {\xi } \rVert - \sqrt {\dfrac {2}{3}} k(\alpha ) \leq 0\end {equation}


$f(\boldsymbol {\xi }, \alpha ) < 0$


$f(\boldsymbol {\xi }, \alpha ) = 0$


$f(\boldsymbol {\xi }, \alpha ) \leq 0$


\begin {equation}\label {Kuhn Tucker Conditions} \gamma \geq 0 \quad \text {and} \quad \gamma f(\boldsymbol {\xi }, \alpha ) = 0.\end {equation}


$\alpha $


\begin {equation}\label {Evolution of Equivalent Plastic Strain} \dfrac {\partial \alpha }{\partial t} = \sqrt {\dfrac {2}{3}} \gamma .\end {equation}


$k(\alpha )$


\begin {equation}\label {Linear Isotropic Hardening Law} k(\alpha ) = \sigma _y + K \alpha \end {equation}


$\sigma _y$


$K$


\begin {equation}\label {Nonlinear Isotropic Hardening Law} k(\alpha ) = \sigma _y + K \alpha + (\sigma _\infty - \sigma _y)(1 - e^{- \delta \alpha })\end {equation}


$\sigma _\infty $


$\delta >0$


$\mathbf {X} \in \Omega _0$


\begin {equation}\label {Local Governing Equations} \left \{ \begin {array}{@{}l} \overline {\mathbf {b}}_{n+1}^\texttt {e} = \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top - \dfrac {2 \overline {\overline {\mu }}_{n+1}}{\mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}, \quad \overline {\boldsymbol {\beta }}_{n+1} = \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top + \dfrac {2h \overline {\overline {\mu }}_{n+1}}{3 \mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}, \\ \alpha _{n+1} = \alpha _{n} + \sqrt {\dfrac {2}{3}} \widehat {\gamma }_{n+1}, \quad \widehat {\mathbf {s}}_{n+1} = \mu \ \text {dev}\left (\overline {\mathbf {b}}_{n+1}^\texttt {e}\right ), \quad \boldsymbol {\xi }_{n+1} = \widehat {\mathbf {s}}_{n+1} - \text {dev} \left ( \overline {\boldsymbol {\beta }}_{n+1} \right ), \\ \mathbf {n}_{n+1} = \boldsymbol {\xi }_{n+1} / \lVert \boldsymbol {\xi }_{n+1} \rVert , \quad \overline {\mu }_{n+1} = \dfrac {\mu }{3} \text {tr}\left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ), \quad \overline {\overline {\mu }}_{n+1} = \overline {\mu }_{n+1} - \dfrac {1}{3} \text {tr} \left ( \overline {\boldsymbol {\beta }}_{n+1} \right ), \\ f_{n+1} = \lVert \boldsymbol {\xi }_{n+1} \rVert - \sqrt {\dfrac {2}{3}} k(\alpha _{n+1}) \leq 0, \quad \widehat {\gamma }_{n+1} \geq 0, \quad \widehat {\gamma }_{n+1} f_{n+1} = 0. \end {array} \right .\end {equation}


$\mathbf {f}_{n+1} = \mathbf {F}_{n+1} \mathbf {F}_n^{-1}$


$n$


$n+1$


$\overline {\mathbf {f}}_{n+1} = (J_{n+1}^f)^{-1/3} \mathbf {f}_{n+1}$


$J_{n+1}^f = \det (\mathbf {f}_{n+1})$


$\widehat {\gamma }_{n+1}$


$\Delta t \gamma _{n+1}$


$\Delta t$


$\overline {\mathbf {b}}_{n+1}^\texttt {e}$


$\overline {\mu }_{n+1}$


$J_n^\texttt {p} = J_{n+1}^\texttt {p} = 1$


$\overline {\mathbf {b}}_n^\texttt {e}$


$\overline {\boldsymbol {\beta }}_n$


$\alpha _n$


$\mathbf {F}_n$


$\mathbf {F}_{n+1}$


$\widehat {\gamma }_{n+1}=0$


\begin {equation}\label {Trial Variables} \left \{ \begin {array}{@{}llll} \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} = \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top , & \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} = \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top , & \alpha _{n+1}^\texttt {tr} = \alpha _n, \\[10pt] \mathbf {s}_{n+1}^\texttt {tr} = \mu \ \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ), &\boldsymbol {\xi }_{n+1}^\texttt {tr} = \mathbf {s}_{n+1}^\texttt {tr} - \text {dev} \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ), &\mathbf {n}_{n+1}^\texttt {tr} = \boldsymbol {\xi }_{n+1}^\texttt {tr} / \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert , \\[10pt] \overline {\mu }_{n+1}^\texttt {tr} = \dfrac {\mu }{3} \text {tr}\left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ), & \overline {\overline {\mu }}_{n+1}^\texttt {tr} = \overline {\mu }_{n+1}^\texttt {tr} - \dfrac {1}{3} \text {tr} \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ), & f_{n+1}^\texttt {tr} = \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert - \sqrt {\dfrac {2}{3}} k \left ( \alpha _{n+1}^\texttt {tr} \right ). \end {array} \right .\end {equation}


$\overline {\boldsymbol {\beta }}_{n+1}$


$\alpha _{n+1}$


\begin {equation}\label {Updated beta and alpha} \overline {\boldsymbol {\beta }}_{n+1} = \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} + \dfrac {2h \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{3 \mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1} \quad \text {and} \quad \alpha _{n+1} = \alpha _{n+1}^\texttt {tr} + \sqrt {\dfrac {2}{3}} \widehat {\gamma }_{n+1}\end {equation}


$\eqref {Local Governing Equations}_{2,3}$


$\overline {\mathbf {b}}_{n+1}^\texttt {e}$


\begin {equation}\label {Sylvester's Criterion} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right )_{11} > 0 \quad \text {and} \quad \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right )_{11} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right )_{22} - \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right )_{12} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right )_{21} > 0\end {equation}


$\Delta > 0$


\begin {equation}\label {Cubic Equation} t^3 + \mathcal {P} t + \mathcal {Q} = 0\end {equation}


\begin {equation}\label {Trigonometric Solutions} r_k = 2 \sqrt {-\dfrac {\mathcal {P}}{3}} \cos \left [ \dfrac {1}{3} \arccos \left ( \dfrac {3 \mathcal {Q}}{2 \mathcal {P}} \sqrt {-\dfrac {3}{\mathcal {P}}} \right ) - \dfrac {2 k \pi }{3} \right ] \quad \text {for} \quad k = 1, 2, 3.\end {equation}


$r_1$


$r_2$


$r_3$


$\mathcal {Q} \leq 0$


\begin {equation*}t_3 = \max \{ r_1, r_2, r_3\}.\end {equation*}


$\mathcal {Q} > 0$


$r_1$


$r_2$


$r_3$


$\overline {\mathbf {b}}_{n+1}^\texttt {e}$


$\Delta < 0$


\begin {equation*}t_1 = \left ( -\dfrac {\mathcal {Q}}{2} + \sqrt {-\Delta } \right )^{1/3} + \left ( -\dfrac {\mathcal {Q}}{2} - \sqrt {-\Delta } \right )^{1/3}.\end {equation*}


$\Delta = 0$


$\mathcal {P} = 0$


$3\mathcal {Q} / \mathcal {P}$


$- 3\mathcal {Q} / 2\mathcal {P}$


$\mathcal {P} < 0$


\begin {equation*}t_2 = \max \left \{ \dfrac {3 \mathcal {Q}}{\mathcal {P}}, - \dfrac {3 \mathcal {Q}}{2 \mathcal {P}} \right \}.\end {equation*}


\begin {equation}\label {Updated be_bar} \left \{ \begin {array}{@{}l} \overline {\mathbf {b}}_{n+1}^\texttt {e} = \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) + \dfrac {\mathcal {I}_1}{3} \mathbf {I}; \\[12pt] \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) = \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) - \dfrac {2 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}; \\[12pt] \dfrac {\mathcal {I}_1}{3} = \left \{ \begin {array}{@{}ll} \left ( -\dfrac {\mathcal {Q}}{2} + \sqrt {-\Delta } \right )^{1/3} + \left ( -\dfrac {\mathcal {Q}}{2} - \sqrt {-\Delta } \right )^{1/3}, & \text {if } {\Delta < 0;} \\[12pt] \max \left \{ \dfrac {3 \mathcal {Q}}{\mathcal {P}}, - \dfrac {3 \mathcal {Q}}{2 \mathcal {P}} \right \}, & \text {if } {\Delta = 0;} \\[12pt] \mathcal {S}_1, & \text {if } \Delta > 0 \text { and \eqref {Sylvester's Criterion} holds with } {\mathcal {I}_1 = 3\mathcal {S}_1}; \\[12pt] \mathcal {S}_2, & \text {otherwise.} \end {array} \right . \end {array} \right .\end {equation}


$\overline {\mu }$


$\overline {\overline {\mu }}$


$\overline {\mu }_{n+1} = \overline {\mu }_{n+1}^\texttt {tr}$


$\overline {\overline {\mu }}_{n+1} = \overline {\overline {\mu }}_{n+1}^\texttt {tr}$


$\eqref {Flow Rules}_2$


\begin {equation*}0 = \text {tr} \left [ \mathbf {F}_{n+1} \left ( \mathbf {F}_{n+1}^{-1} \mathbf {b}_{n+1}^\texttt {e} \mathbf {F}_{n+1}^{-\top } - \mathbf {F}_n^{-1} \mathbf {b}_n^\texttt {e} \mathbf {F}_n^{-\top } \right ) \mathbf {F}_{n+1}^\top \right ] = \text {tr} \left ( \mathbf {b}_{n+1}^\texttt {e} \right ) - \text {tr} \left ( \mathbf {f}_{n+1} \mathbf {b}_n^\texttt {e} \mathbf {f}_{n+1}^\top \right ).\end {equation*}


\begin {equation*}J_{n+1}^{-2/3} \mathbf {b}_{n+1}^\texttt {e} = (J_{n+1}^\texttt {e})^{-2/3} \mathbf {b}_{n+1}^\texttt {e} = \overline {\mathbf {b}}_{n+1}^\texttt {e}\end {equation*}


\begin {equation*}J_{n+1}^{-2/3} \mathbf {f}_{n+1} \mathbf {b}_n^\texttt {e} \mathbf {f}_{n+1}^\top = \left ( J_{n+1}^f J_n^\texttt {e} \right )^{-2/3} \mathbf {f}_{n+1} \mathbf {b}_n^\texttt {e} \mathbf {f}_{n+1}^\top = \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top = \overline {\mathbf {b}}_{n+1}^\texttt {e,tr}.\end {equation*}


\begin {equation*}\text {tr} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) = \text {tr} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) \quad \Rightarrow \quad \overline {\mu }_{n+1} = \dfrac {\mu }{3} \text {tr} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) = \dfrac {\mu }{3} \text {tr} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) = \overline {\mu }_{n+1}^\texttt {tr}.\end {equation*}


$\eqref {Kinematic Hardening Laws}_2$


\begin {equation*}\text {tr} \left ( \boldsymbol {\beta }_{n+1} \right ) = \text {tr} \left ( \mathbf {f}_{n+1} \boldsymbol {\beta }_n \mathbf {f}_{n+1}^\top \right ) \quad \Rightarrow \quad \text {tr} \left ( \overline {\boldsymbol {\beta }}_{n+1} \right ) = \text {tr} \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ),\end {equation*}


\begin {equation*}\overline {\overline {\mu }}_{n+1} = \overline {\mu }_{n+1} - \dfrac {1}{3} \text {tr} \left ( \overline {\boldsymbol {\beta }}_{n+1} \right ) = \overline {\mu }_{n+1}^\texttt {tr} - \dfrac {1}{3} \text {tr} \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ) = \overline {\overline {\mu }}_{n+1}^\texttt {tr}.\end {equation*}


$\mathbf {n}_{n+1}$


$\widehat {\gamma }_{n+1}$


$\mathbf {n}_{n+1}$


$\eqref {Local Governing Equations}_4$


$\eqref {Trial Variables}_4$


$\eqref {Updated be_bar}_2$


\begin {equation}\label {Deviatoric Kirchhoff Stress} \mathbf {s}_{n+1} = \mu \ \text {dev}(\overline {\mathbf {b}}_{n+1}^\texttt {e,tr}) - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \mathbf {n}_{n+1} = \mathbf {s}_{n+1}^\texttt {tr} - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}\end {equation}


$\mathbf {n}_{n+1}$


$\eqref {Local Governing Equations}_2$


$\eqref {Trial Variables}_{2,5}$


$\eqref {Local Governing Equations}_5$


\begin {equation*}\boldsymbol {\xi }_{n+1} = \mathbf {s}_{n+1} - \text {dev} \left ( \overline {\boldsymbol {\beta }}_{n+1} \right ) = \boldsymbol {\xi }_{n+1}^\texttt {tr} - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \mathbf {n}_{n+1},\end {equation*}


\begin {equation*}\lVert \boldsymbol {\xi }_{n+1} \rVert \mathbf {n}_{n+1} = \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \mathbf {n}_{n+1}^\texttt {tr} - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}\end {equation*}


\begin {equation}\label {Relationship between xi and xi_trial} \lVert \boldsymbol {\xi }_{n+1} \rVert + 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} = \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \quad \text {and} \quad \mathbf {n}_{n+1} = \mathbf {n}_{n+1}^\texttt {tr}\end {equation}


$\overline {\overline {\mu }}_{n+1}^\texttt {tr} > 0$


$\lVert \mathbf {n}_{n+1} \rVert = \lVert \mathbf {n}_{n+1}^\texttt {tr} \rVert = 1$


$\widehat {\gamma }_{n+1}$


$f_{n+1}^\texttt {tr}$


$f_{n+1}^\texttt {tr} \leq 0$


$f_{n+1} < 0$


$\widehat {\gamma }_{n+1} = 0$


$\overline {\mathbf {b}}_{n+1}^\texttt {e,tr}$


$\overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr}$


$\alpha _{n+1}^\texttt {tr}$


$n+1$


\begin {equation*}\overline {\mathbf {b}}_{n+1}^\texttt {e} = \overline {\mathbf {b}}_{n+1}^\texttt {e,tr}, \quad \overline {\boldsymbol {\beta }}_{n+1} = \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr}, \quad \text {and} \quad \alpha _{n+1} = \alpha _{n+1}^\texttt {tr}.\end {equation*}


$f_{n+1}^\texttt {tr} > 0$


$f_{n+1} > 0$


$\overline {\mathbf {b}}_{n+1}^\texttt {e,tr}$


$\overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr}$


$\alpha _{n+1}^\texttt {tr}$


$\mathbf {n}_{n+1}$


$\widehat {\gamma }_{n+1} > 0$


$\widehat {\gamma }_{n+1}$


\begin {equation}\label {Function of gamma} 0 = f_{n+1} = \lVert \boldsymbol {\xi }_{n+1} \rVert - \sqrt {\dfrac {2}{3}} k (\alpha _{n+1}) = \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} - \sqrt {\dfrac {2}{3}} k \left ( \alpha _{n+1}^\texttt {tr} + \sqrt {\dfrac {2}{3}} \widehat {\gamma }_{n+1} \right ) := \mathcal {G}(\widehat {\gamma }_{n+1})\end {equation}


$\eqref {Updated beta and alpha}_2$


$\eqref {Relationship between xi and xi_trial}_1$


$\widehat {\gamma }_{n+1}$


$\widehat {\gamma }_{n+1}$


\begin {equation}\label {Linear Solution of gamma} \widehat {\gamma }_{n+1} = \dfrac {1}{2 \overline {\overline {\mu }}_{n+1}^\texttt {tr}} \left ( 1 + \dfrac {h}{3\mu } + \dfrac {K}{3 \overline {\overline {\mu }}_{n+1}^\texttt {tr}} \right )^{-1} \left [ \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert - \sqrt {\dfrac {2}{3}} (\sigma _y + K \alpha _{n+1}^\texttt {tr}) \right ].\end {equation}


$\widehat {\gamma }_{n+1}$


\begin {equation}\label {Nonlinear Solution of gamma} \widehat {\gamma }_{n+1}^{(k+1)} = \widehat {\gamma }_{n+1}^{(k)} - \mathcal {G}\left ( \widehat {\gamma }_{n+1}^{(k)} \right ) / \mathcal {G}'\left ( \widehat {\gamma }_{n+1}^{(k)} \right )\end {equation}


\begin {equation*}\mathcal {G}'\left ( \widehat {\gamma }_{n+1}^{(k)} \right ) = - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) - \dfrac {2}{3} k' \left ( \alpha _{n+1}^\texttt {tr} + \sqrt {\dfrac {2}{3}} \widehat {\gamma }_{n+1}^{(k)} \right ),\end {equation*}


$(k)$


$\mathbf {n}_{n+1}$


$\eqref {Relationship between xi and xi_trial}_2$


$\widehat {\gamma }_{n+1}$


$\overline {\mathbf {b}}_{n+1}^\texttt {e}$


$\overline {\boldsymbol {\beta }}_{n+1}$


$\alpha _{n+1}$


$n$


$n+1$


$n$


$n+1$


$\widehat {\gamma }_{n+1}$


$\mathbf {X} \in \Omega _0$


$\Omega _0$


$\boldsymbol {\tau }_{n+1}$


$n+1$


\begin {equation*}\boldsymbol {\tau }_{n+1} = \boldsymbol {\tau }_{n+1}^\texttt {vol} + \mathbf {s}_{n+1}^\texttt {tr} - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}.\end {equation*}


$\mathbf {P}_{n+1}$


\begin {equation}\label {First PK Stress} \mathbf {P}_{n+1} = \boldsymbol {\tau }_{n+1} \mathbf {F}_{n+1}^{-\top } = \left ( \boldsymbol {\tau }_{n+1}^\texttt {vol} + \mathbf {s}_{n+1}^\texttt {tr} - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \mathbf {n}_{n+1} \right ) \mathbf {F}_{n+1}^{-\top }\end {equation}


$\mathbf {S}_{n+1}$


\begin {equation}\label {Second PK Stress} \mathbf {S}_{n+1} = \varphi ^*(\boldsymbol {\tau }_{n+1}) = \varphi ^*(\boldsymbol {\tau }_{n+1}^\texttt {vol}) + \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \varphi ^*(\mathbf {n}_{n+1}).\end {equation}


$\mathbf {S}_{n+1}$


\begin {equation}\label {Second Algorithmic Tangent Moduli Initial} \mathbb {C}_{n+1} = \dfrac {\partial \mathbf {S}_{n+1}}{\partial \mathbf {E}_{n+1}} = \left \{ \begin {array}{cc} \mathbb {C}_{n+1}^\texttt {el}, & \text {if $f_{n+1}^\texttt {tr} \leq 0$ ($\widehat {\gamma }_{n+1} = 0$; hyperelastic)}; \\[12pt] \mathbb {C}_{n+1}^\texttt {ep}, & \text {if $f_{n+1}^\texttt {tr} > 0$ ($\widehat {\gamma }_{n+1} > 0$; elastoplastic)}. \end {array} \right .\end {equation}


$\mathbb {C}_{n+1}^\texttt {el}$


\begin {equation}\label {Second Elastic Moduli} \begin {array}{ll} \mathbb {C}_{n+1}^\texttt {el} = \dfrac {\partial \varphi ^*(\widehat {\boldsymbol {\tau }}_{n+1})}{\partial \mathbf {E}_{n+1}} = &\left ( 2 \overline {\mu }_{n+1} - 2 J_{n+1} U'_{n+1} \right ) \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} + \left [ J_{n+1} (J_{n+1} U'_{n+1})'- \dfrac {2 \overline {\mu }_{n+1}}{3} \right ] \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \\[12pt] &- \dfrac {2}{3} \left [ \varphi ^* \left ( \widehat {\mathbf {s}}_{n+1} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \widehat {\mathbf {s}}_{n+1} \right ) \right ] \end {array}\end {equation}


\begin {equation*}\left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} \right )_{ijkl} = \dfrac {1}{2} \left [ \left ( C_{n+1}^{-1} \right )_{ik} \left ( C_{n+1}^{-1} \right )_{jl} + \left ( C_{n+1}^{-1} \right )_{il} \left ( C_{n+1}^{-1} \right )_{jk} \right ].\end {equation*}


$\mathbb {C}_{n+1}^\texttt {ep}$


\begin {equation}\label {Second Elastoplastic Moduli Final} \begin {array}{ll} \mathbb {C}_{n+1}^\texttt {ep} = &\left ( 2 \overline {\mu }_{n+1}^\texttt {tr} - 2 c_1 \overline {\overline {\mu }}_{n+1}^\texttt {tr} - 2 J_{n+1} U'_{n+1} \right ) \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} + \left [ J_{n+1} (J_{n+1} U'_{n+1})' - \dfrac {2 \overline {\mu }_{n+1}^\texttt {tr}}{3} + \dfrac {2 c_1 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{3} \right ] \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \\[12pt] &- \dfrac {2}{3} \left [ \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) \right ] + \dfrac {2 c_1}{3} \left [ \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ] \\[12pt] &- c_3 \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*(\mathbf {n}_{n+1}) - \dfrac {c_4}{2} \left \{ \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] + \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] \otimes \varphi ^*(\mathbf {n}_{n+1}) \right \} \end {array}\end {equation}


\begin {equation}\label {Parameters in Elasticity} \left \{ \begin {array}{@{}l} c_0 = 1 + \dfrac {h}{3\mu } + \dfrac {k'}{3 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}, \quad c_1 = \dfrac {2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1}}{\lVert \overline {\boldsymbol {\xi }}_{n+1}^\texttt {tr} \rVert }, \quad c_2 = \dfrac {1}{c_0} - c_1, \quad \\[12pt] c_3 = 2 c_2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} - \left [ \dfrac {1}{c_0} \left ( 1 + \dfrac {h}{3 \mu } \right ) - 1 \right ] \dfrac {4}{3} \widehat {\gamma }_{n+1} \lVert \overline {\boldsymbol {\xi }}_{n+1}^\texttt {tr} \rVert , \quad c_4 = 2 c_2 \lVert \overline {\boldsymbol {\xi }}_{n+1}^\texttt {tr} \rVert . \end {array} \right .\end {equation}


$\mathbb {C}_{n+1}^\texttt {el}$


$\mathbb {C}_{n+1}^\texttt {ep}$


$\mathbb {C}_{n+1}$


\begin {equation}\label {Second Algorithmic Tangent Moduli Final} \begin {array}{@{}ll} \mathbb {C}_{n+1} = &\left ( 2 \overline {\mu }_{n+1}^\texttt {tr} - 2 \theta c_1 \overline {\overline {\mu }}_{n+1}^\texttt {tr} - 2 J_{n+1} U'_{n+1} \right ) \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} + \left [ J_{n+1} (J_{n+1} U'_{n+1})' - \dfrac {2 \overline {\mu }_{n+1}^\texttt {tr}}{3} + \dfrac {2 \theta c_1 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{3} \right ] \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \\[12pt] &- \dfrac {2}{3} \left [ \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) \right ] + \dfrac {2 \theta c_1}{3} \left [ \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ] \\[12pt] &- \theta c_3 \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*(\mathbf {n}_{n+1}) - \dfrac {\theta c_4}{2} \left \{ \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] + \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] \otimes \varphi ^*(\mathbf {n}_{n+1}) \right \} \end {array}\end {equation}


\begin {equation}\label {Theta Parameter} \theta = \dfrac {1}{2} \dfrac {f_{n+1}^\texttt {tr} + |f_{n+1}^\texttt {tr}|}{f_{n+1}^\texttt {tr}} = \left \{ \begin {array}{@{}ll} 0, \text {if $f_{n+1}^\texttt {tr} \leq 0$ (hyperelastic)}; \\[8pt] 1, \text {if $f_{n+1}^\texttt {tr} > 0$ (elastoplastic)}. \end {array} \right .\end {equation}


\begin {equation}\label {Global Governing Equation} \left \{ \begin {array}{@{}l} \displaystyle \int _{\Omega _0} \nabla \mathbf {v} : \widehat {\mathbb {C}}_{n+1}^{(k)} : \nabla \delta \mathbf {u}_{n+1}^{(k)}\ \text {d} \mathbf {X} = \int _{\Omega _0} \overline {\mathbf {q}}_{n+1} \cdot \mathbf {v}\ \text {d} \mathbf {X} + \int _{\partial \Omega _0^\mathcal {N}} \overline {\mathbf {t}}_{n+1} \cdot \mathbf {v}\ \text {d} \mathbf {X} - \int _{\Omega _0} \mathbf {P}_{n+1}^{(k)} : \nabla \mathbf {v}\ \text {d} \mathbf {X}, \\[12pt] \delta \mathbf {u}_{n+1}^{(k)} = \overline {\mathbf {u}}_{n+1} - \mathbf {u}_{n+1}^{(k)} \quad \text {for} \quad \mathbf {X} \in \partial \Omega _0^\mathcal {D}, \\[12pt] \mathbf {u}_{n+1}^{(k+1)} = \mathbf {u}_{n+1}^{(k)} + l_{n+1}^{(k)} \delta \mathbf {u}_{n+1}^{(k)} \quad \text {for} \quad \mathbf {X} \in \overline {\Omega }_0. \end {array} \right .\end {equation}


$\delta \mathbf {u}_{n+1}$


$\mathbf {v}$


$\overline {\mathbf {q}}_{n+1}$


$\overline {\mathbf {t}}_{n+1}$


$\overline {\mathbf {u}}_{n+1}$


$l_{n+1} \in (0, 1]$


$\eqref {Global Governing Equation}_1$


$(k)$


$k$


$\overline {\Omega }_0$


$\partial \Omega _0^\mathcal {N}$


$\partial \Omega _0^\mathcal {D}$


$\widehat {\mathbb {C}}_{n+1}$


$\mathbf {S}_{n+1}$


$\mathbb {C}_{n+1}$


\begin {equation*}( \widehat {\mathbb {C}}_{n+1} )_{rjsl} = \left ( F_{n+1} \right )_{ri} \left ( F_{n+1} \right )_{sk} \left ( \mathbb {C}_{n+1} \right )_{ijkl} + \delta _{rs} \left ( S_{n+1} \right )_{jl}.\end {equation*}


$\eqref {Global Governing Equation}_1$


\begin {equation}\label {Integrand of Left-hand Side} \begin {array}{ll} \nabla \mathbf {v} : \widehat {\mathbb {C}} : \nabla \delta \mathbf {u} = &\left ( 2 \overline {\mu }^{\texttt {tr}} - 2 \theta c_1 \overline {\overline {\mu }}^{\texttt {tr}} - 2 J U' \right ) \left ( \mathcal {U} \right )^\texttt {sym} : \mathcal {V} + \left [ J \left ( J U' \right )' - \dfrac {2 \overline {\mu }^{\texttt {tr}}}{3} + \dfrac {2 \theta c_1 \overline {\overline {\mu }}^{\texttt {tr}}}{3} \right ] \text {tr} \left ( \mathcal {U} \right ) \text {tr} \left ( \mathcal {V} \right ) \\[12pt] &- \dfrac {2}{3} \left [ \text {tr} \left ( \mathcal {U} \right ) \mathbf {s}^{\texttt {tr}} : \mathcal {V} + \text {tr} \left ( \mathcal {V} \right ) \mathbf {s}^{\texttt {tr}} : \mathcal {U} \right ] + \dfrac {2 \theta c_1}{3} \left [ \text {tr} \left ( \mathcal {U} \right ) \boldsymbol {\xi }^{\texttt {tr}} : \mathcal {V} + \text {tr} \left ( \mathcal {V} \right ) \boldsymbol {\xi }^{\texttt {tr}} : \mathcal {U} \right ] \\[12pt] &- \theta c_3 \left ( \mathbf {n} : \mathcal {V} \right ) \left ( \mathbf {n} : \mathcal {U} \right ) - \dfrac {\theta c_4}{2} \left \{ \left ( \mathbf {n} : \mathcal {V} \right ) \left [ \text {dev} \left ( \mathbf {n}^2 \right ) : \mathcal {U} \right ] + \left [ \text {dev} \left ( \mathbf {n}^2 \right ) : \mathcal {V} \right ] \left ( \mathbf {n} : \mathcal {U} \right ) \right \} + \left ( \nabla \delta \mathbf {u}\ \mathbf {S} \right ) : \nabla \mathbf {v} \end {array}\end {equation}


\begin {equation*}\mathcal {U} = \nabla \delta \mathbf {u}\ \mathbf {F}^{-1} \quad \text {and} \quad \mathcal {V} = \nabla \mathbf {v}\ \mathbf {F}^{-1}\end {equation*}


$n+1$


$(k)$


$\delta \mathbf {u}_{n+1}^{(k)}$


$\overline {\mathbf {b}}_n^\texttt {e}$


$\overline {\boldsymbol {\beta }}_n$


$\alpha _n$


$\mathbf {u}_n$


$\mathbf {u}_{n+1}^{(k)}$


$\delta \mathbf {u}_{n+1}^{(k)}$


$\mathbf {u}_{n+1}^{(k+1)}$


$l_{n+1}^{(k)}$


$\overline {\mathbf {q}}$


$\overline {\mathbf {t}}$


$\overline {\mathbf {u}}$


$\rho (\mathbf {X}): \Omega _0 \mapsto [0, 1]$


$N^\xi \geq 1$


$\xi _1(\mathbf {X}),\ \xi _2(\mathbf {X}),\ \ldots ,\ \xi _{N^\xi }(\mathbf {X}): \Omega _0 \mapsto [0, 1]$


\begin {equation*}\widetilde {\zeta }(\mathbf {X}) = \dfrac {\displaystyle \int _{\Omega _0} w_\zeta (\mathbf {X}, \mathbf {X}') \zeta (\mathbf {X}') \text {d} \mathbf {X}'}{\displaystyle \int _{\Omega _0} w_\zeta (\mathbf {X}, \mathbf {X}') \text {d} \mathbf {X}'} \quad \text {for} \quad \zeta \in \{\rho , \xi _1, \xi _2, \ldots , \xi _{N^\xi }\}.\end {equation*}


$w_\zeta (\mathbf {X}, \mathbf {X}') = \max \{ 0, R_\zeta -\lVert \mathbf {X}-\mathbf {X}' \rVert _2 \}$


$R_\zeta \geq 0$


$\widetilde {\rho }(\mathbf {X}),\ \widetilde {\xi }_1(\mathbf {X}),\ \widetilde {\xi }_2(\mathbf {X}),\ \ldots ,\ \widetilde {\xi }_{N^\xi }(\mathbf {X}): \Omega _0 \mapsto [0, 1]$


\begin {equation}\label {Heaviside Projection} \widehat {\zeta }(\mathbf {X}) = \dfrac {\tanh (\beta _\zeta \theta _\zeta ) + \tanh (\beta _\zeta (\widetilde {\zeta }(\mathbf {X}) - \theta _\zeta ))}{\tanh (\beta _\zeta \theta _\zeta ) + \tanh (\beta _\zeta (1 - \theta _\zeta ))} \quad \text {for} \quad \zeta \in \{\rho , \xi _1, \xi _2, \ldots , \xi _{N^\xi }\},\end {equation}


$\beta _\zeta $


$\theta _\zeta $


$\widehat {\rho }(\mathbf {X}): \Omega _0 \mapsto [0, 1]$


$\overline {\rho }(\mathbf {X}) \equiv \widehat {\rho }(\mathbf {X}): \Omega _0 \mapsto [0, 1]$


$\overline {\rho }(\mathbf {X}) = 1$


$\mathbf {X}$


$\overline {\rho }(\mathbf {X}) = 0$


$\widehat {\xi }_1(\mathbf {X}),\ \widehat {\xi }_2(\mathbf {X}),\ \ldots ,\ \widehat {\xi }_{N^\xi }(\mathbf {X}): \Omega _0 \mapsto [0, 1]$


\begin {equation*}\left \{ \begin {array}{@{}l} \overline {\xi }_n(\mathbf {X}) = \displaystyle { \sum _{k=1}^{2^{N^\xi }} \left \{ (-1)^{N^\xi + \sum _{l=1}^{N^\xi }c_{kl}} \ b_{kn} \prod _{m=1}^{N^\xi } \left [ \widehat {\xi }_m(\mathbf {X}) + c_{km} - 1 \right ] \right \} } \quad \text {for} \quad n=1,2,\ldots ,N^\xi , \\[15pt] \overline {\xi }_{N^\texttt {mat}}(\mathbf {X}) = \displaystyle { 1 - \sum _{n=1}^{N^\xi } } \overline {\xi }_n(\mathbf {X}), \end {array} \right .\end {equation*}


$\overline {\xi }_1(\mathbf {X}),\ \overline {\xi }_2(\mathbf {X}),\ \ldots ,\ \overline {\xi }_{N^\texttt {mat}}(\mathbf {X}): \Omega _0 \mapsto [0, 1]$


$\sum _{n=1}^{N^\texttt {mat}}\overline {\xi }_n(\mathbf {X}) = 1$


$N^\texttt {mat} = N^\xi + 1$


$c_{kl} \in \{0, 1\}$


$l$


$k$


$N^\xi $


$b_{nk}$


\begin {equation*}b_{kn} = \left \{ \begin {array}{@{}ll} \dfrac {c_{kn}}{\sum _{l} c_{kl}}, & \text {if $\sum _{l} c_{kl} \geq 1$}; \\[8pt] 0, & \text {otherwise}. \end {array} \right .\end {equation*}


$\overline {\rho }(\mathbf {X}) = 1$


$\overline {\xi }_n(\mathbf {X}) = 1$


$n=1,2,\ldots ,N^\texttt {mat}$


$n$


$\overline {\rho }(\mathbf {X})$


$\overline {\xi }_1(\mathbf {X}),\ \overline {\xi }_2(\mathbf {X}),\ \ldots ,\ \overline {\xi }_{N^\texttt {mat}}(\mathbf {X})$


$\Omega _0$


$\overline {\rho }(\mathbf {X}) \in [0, 1]$


$\overline {\xi }_n(\mathbf {X}) \in [0, 1]$


$n=1,2,\ldots ,N^\texttt {mat}$


$\kappa $


$\mu $


$k$


$h$


$\overline {\kappa }(\mathbf {X})$


$\overline {\mu }(\mathbf {X})$


$\overline {k}(\mathbf {X})$


$\overline {h}(\mathbf {X})$


$\chi _n \in \{\kappa _n, \mu _n, k_n, h_n\}$


$n=1,2,\ldots ,N^\texttt {mat}$


$n$


$p_\kappa = p_\mu $


$p_k$


$p_h$


$\overline {\rho }(\mathbf {X}) \in (0, 1)$


$p_\xi $


$\overline {\xi }_n(\mathbf {X}) \in (0, 1)$


$n=1,2,\ldots ,N^\texttt {mat}$


$\varepsilon _\rho $


$\overline {\rho } \in [0, 1]$


$\widecheck {\mathbf {F}}$


\begin {equation*}\widecheck {\mathbf {F}} = \mathbf {F} (\phi \mathbf {u}) = \mathbf {I} + \phi \nabla \mathbf {u} = (1-\phi ) \mathbf {I} + \phi \mathbf {F}(\mathbf {u})\end {equation*}


\begin {equation*}\phi (\mathbf {X}) = \dfrac {\tanh (\beta _\phi \theta _\phi ) + \tanh (\beta _\phi (\overline {\rho }^{p_\kappa } (\mathbf {X}) - \theta _\phi ))}{\tanh (\beta _\phi \theta _\phi ) + \tanh (\beta _\phi (1 - \theta _\phi ))}\end {equation*}


$\phi (\mathbf {X})$


$\nabla \phi (\mathbf {X}) = 0$


$\beta _\phi = 500$


$\theta _\phi = 0.1$


$\beta _\zeta $


$\theta _\zeta $


$\boldsymbol {\sigma }^\texttt {l}$


$W$


\begin {equation*}\boldsymbol {\sigma }^\texttt {l}(\boldsymbol {\epsilon }) = \overline {\kappa }\ \text {tr}(\boldsymbol {\epsilon }) \mathbf {I} + 2 \overline {\mu }\ \text {dev}(\boldsymbol {\epsilon }),\end {equation*}


$\boldsymbol {\epsilon }$


\begin {equation*}\boldsymbol {\epsilon }(\mathbf {F}) = \dfrac {1}{2} \left ( \mathbf {F} + \mathbf {F}^\top \right ) - \mathbf {I}.\end {equation*}


$\widecheck {\mathbf {P}}$


$\overline {\rho }(\mathbf {X}) = 1$


$\phi (\mathbf {X}) = 1$


$\widecheck {\mathbf {P}}$


$\mathbf {P}$


$\overline {\rho }(\mathbf {X}) = 0$


$\phi (\mathbf {X}) = 0$


$\widecheck {\mathbf {P}}$


$\boldsymbol {\sigma }^\texttt {l}$


$\widecheck {\mathbf {P}}$


\begin {equation*}\widecheck {\mathbb {C}} = \dfrac {\partial \widecheck {\mathbf {P}}}{\partial \mathbf {F}} = \phi ^2 \widehat {\mathbb {C}}(\widecheck {\mathbf {F}}) + (1-\phi ^2) \mathbb {C}^\texttt {l},\end {equation*}


$\mathbb {C}^\texttt {l}$


\begin {equation*}\mathbb {C}^\texttt {l} \equiv \overline {\kappa } \mathbf {I} \otimes \mathbf {I} + 2 \overline {\mu } \left ( \mathbb {I} - \dfrac {1}{3} \mathbf {I} \otimes \mathbf {I} \right ).\end {equation*}


$\eqref {Global Governing Equation}_1$


$\nabla \mathbf {v} : \widehat {\mathbb {C}}(\widecheck {\mathbf {F}}) : \nabla \delta \mathbf {u}$


$\mathbf {F}$


$\widecheck {\mathbf {F}}$


\begin {equation*}\nabla \mathbf {v} : \mathbb {C}^\texttt {l} : \nabla \delta \mathbf {u} = \left ( \overline {\kappa } - \dfrac {2\overline {\mu }}{3} \right ) \text {tr} (\nabla \delta \mathbf {u}) \text {tr} (\nabla \mathbf {v}) + 2\overline {\mu } (\nabla \delta \mathbf {u})^\texttt {sym} : \nabla \mathbf {v}.\end {equation*}


\begin {equation}\label {Topology Optimization Formulation} \left \{ \begin {array}{@{}ll} \underset {\rho , \xi _1, \ldots , \xi _{N^\xi }}{\text {maximize:}} & J(\overline {\rho }, \overline {\xi }_1, \ldots , \overline {\xi }_{N^\texttt {mat}}; \mathbf {u}_1, \ldots , \mathbf {u}_N; \overline {\mathbf {b}}_1^\texttt {e}, \ldots , \overline {\mathbf {b}}_N^\texttt {e}; \overline {\boldsymbol {\beta }}_1, \ldots , \overline {\boldsymbol {\beta }}_N; \alpha _1, \ldots , \alpha _N; \widehat {\gamma }_1, \ldots , \widehat {\gamma }_N); \\[12pt] \text {subject to:} & \left \{ \begin {array}{@{}l} g_{V0} = \displaystyle \dfrac {1}{|\Omega _0|} \int _{\Omega _0} \overline {\rho }(\mathbf {X}) \text {d} \mathbf {X} - \overline {V} \leq 0; \\[15pt] g_{Vn} = \displaystyle \dfrac {1}{|\Omega _0|} \int _{\Omega _0} \overline {\rho }(\mathbf {X}) \overline {\xi }_n(\mathbf {X}) \text {d} \mathbf {X} - \overline {V}_n \leq 0 \quad \text {for} \quad n = 1,2,\ldots ,N^\texttt {mat}; \\[15pt] g_\Psi = \displaystyle \dfrac {1}{|\Omega _0|} \int _{\Omega _0} \overline {\rho }(\mathbf {X}) \sum _{n=1}^{N^\texttt {mat}} \left [ \overline {\xi }_n(\mathbf {X}) \Psi _n \right ] \text {d} \mathbf {X} - \overline {\Psi } \leq 0 \quad \text {for} \quad \Psi \in \{P, M, C\}; \\[15pt] \rho (\mathbf {X}), \xi _1(\mathbf {X}), \ldots , \xi _{N^\xi }(\mathbf {X}) \in [0, 1]; \end {array} \right . \\ \\[2pt] \text {with:} & \left \{ \begin {array}{@{}l} \text {Global equilibrium equations in \eqref {Global Governing Equation} for }{\mathbf {u}_1, \ldots , \mathbf {u}_N}; \\[8pt] \text {Updating formulae in \eqref {Updated be_bar} for } {\overline {\mathbf {b}}_1^\texttt {e}, \ldots , \overline {\mathbf {b}}_N^\texttt {e}}; \\[8pt] \text {Updating formulae in \eqref {Updated beta and alpha} for } {\overline {\boldsymbol {\beta }}_1, \ldots , \overline {\boldsymbol {\beta }}_N} \text { and } {\alpha _1, \ldots , \alpha _N}; \\[8pt] \text {Algebraic equation in \eqref {Function of gamma} for } {\widehat {\gamma }_1, \ldots , \widehat {\gamma }_N}. \end {array} \right . \end {array} \right .\end {equation}
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\begin {equation}\label {Multi-objective Function} J = w_\texttt {stiff} J_\texttt {stiff} + w_\texttt {force} J_\texttt {force} + w_\texttt {energy} J_\texttt {energy}.\end {equation}


$w_\texttt {stiff}$


$w_\texttt {force}$


$w_\texttt {energy} \in [0, 1]$


$w_\texttt {stiff} + w_\texttt {force} + w_\texttt {energy} = 1$


$J_\texttt {stiff}$


$J_\texttt {force}$


$J_\texttt {energy}$


\begin {equation}\label {Objective Function Terms} \left \{ \begin {array}{@{}l} \displaystyle J_\texttt {stiff} = \dfrac {1}{2} \int _{\Omega _0} \widecheck {\mathbf {P}}_1 : \nabla \mathbf {u}_1 \text {d} \mathbf {X}, \quad J_\texttt {force} = \int _{\Omega _0} \widecheck {\mathbf {P}}_N : \nabla \mathbf {u}_N \text {d} \mathbf {X}, \\[10pt] \displaystyle J_\texttt {energy} = \dfrac {1}{2} \sum _{n=1}^N \int _{\Omega _0} \left ( \widecheck {\mathbf {P}}_n + \widecheck {\mathbf {P}}_{n-1} \right ) : \left ( \nabla \mathbf {u}_n - \nabla \mathbf {u}_{n-1} \right ) \text {d} \mathbf {X}. \end {array} \right .\end {equation}
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\begin {equation}\label {Reduced Adjoint Equation at Final Step} \left [ \begin {array}{@{}ll} \left ( \dfrac {\partial \mathbf {R}_N^{\widehat {\gamma }}}{\partial \mathbf {V}_N^{\widehat {\gamma }}} \right )^\top & \left ( \dfrac {\partial \mathbf {R}_N^\mathbf {u}}{\partial \mathbf {V}_N^{\widehat {\gamma }}} \right )^\top \\[12pt] \left ( \dfrac {\partial \mathbf {R}_N^{\widehat {\gamma }}}{\partial \mathbf {U}_N} \right )^\top & \left ( \dfrac {\partial \mathbf {R}_N^\mathbf {u}}{\partial \mathbf {U}_N} \right )^\top \end {array} \right ] \,\left [ \begin {array}{@{}l} \boldsymbol {\lambda }_N^{\widehat {\gamma }} \\[12pt] \boldsymbol {\lambda }_N^\mathbf {u} \end {array} \right ] = - \left [ \begin {array}{@{}l} \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_N^{\widehat {\gamma }}} + \left ( \dfrac {\partial \mathbf {R}_N^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {V}_N^{\widehat {\gamma }}} \right )^\top \boldsymbol {\lambda }_N^{\overline {\mathbf {b}}^\texttt {e}} + \left ( \dfrac {\partial \mathbf {R}_N^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {V}_N^{\widehat {\gamma }}} \right )^\top \boldsymbol {\lambda }_N^{\overline {\boldsymbol {\beta }}} + \left ( \dfrac {\partial \mathbf {R}_N^\alpha }{\partial \mathbf {V}_N^{\widehat {\gamma }}} \right )^\top \boldsymbol {\lambda }_N^\alpha \\[12pt] \dfrac {\partial \mathcal {F}}{\partial \mathbf {U}_N} + \left ( \dfrac {\partial \mathbf {R}_N^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {U}_N} \right )^\top \boldsymbol {\lambda }_N^{\overline {\mathbf {b}}^\texttt {e}} + \left ( \dfrac {\partial \mathbf {R}_N^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {U}_N} \right )^\top \boldsymbol {\lambda }_N^{\overline {\boldsymbol {\beta }}} \end {array} \right ].\end {equation}


\begin {equation}\label {Reduced Adjoint Equation at Remaining Steps} \left [ \begin {array}{@{}ll} \left ( \dfrac {\partial \mathbf {R}_n^{\widehat {\gamma }}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} \right )^\top & \left ( \dfrac {\partial \mathbf {R}_n^\mathbf {u}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} \right )^\top \\[12pt] \left ( \dfrac {\partial \mathbf {R}_n^{\widehat {\gamma }}}{\partial \mathbf {U}_n} \right )^\top & \left ( \dfrac {\partial \mathbf {R}_n^\mathbf {u}}{\partial \mathbf {U}_n} \right )^\top \end {array} \right ] \,\left [ \begin {array}{@{}l} \boldsymbol {\lambda }_n^{\widehat {\gamma }} \\[12pt] \boldsymbol {\lambda }_n^\mathbf {u} \end {array} \right ] = - \left [ \begin {array}{@{}l} \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} + \left ( \dfrac {\partial \mathbf {R}_n^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} \right )^\top \boldsymbol {\lambda }_n^{\overline {\mathbf {b}}^\texttt {e}} + \left ( \dfrac {\partial \mathbf {R}_n^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} \right )^\top \boldsymbol {\lambda }_n^{\overline {\boldsymbol {\beta }}} + \left ( \dfrac {\partial \mathbf {R}_n^\alpha }{\partial \mathbf {V}_n^{\widehat {\gamma }}} \right )^\top \boldsymbol {\lambda }_n^\alpha \\[12pt] \dfrac {\partial \mathcal {F}}{\partial \mathbf {U}_n} + \dfrac {\partial \widecheck {\mathcal {F}}}{\partial \mathbf {U}_n} + \left ( \dfrac {\partial \mathbf {R}_n^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {U}_n} \right )^\top \boldsymbol {\lambda }_n^{\overline {\mathbf {b}}^\texttt {e}} + \left ( \dfrac {\partial \mathbf {R}_n^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {U}_n} \right )^\top \boldsymbol {\lambda }_n^{\overline {\boldsymbol {\beta }}} \end {array} \right ]\end {equation}
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\begin {equation}\label {Total Energy Density of Steel} W^\texttt {s} \approx 4 \sigma _y^\texttt {s} E_\texttt {max}\end {equation}
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\begin {equation*}W_1^\texttt {s} \approx 4 \sigma _y^\texttt {s} E_{1,\texttt {max}}, \quad W_2^\texttt {s} \approx 4 \sigma _y^\texttt {s} E_{2,\texttt {max}}, \quad \text {and} \quad W_3^\texttt {s} \approx 4 \sigma _y^\texttt {s} E_{3,\texttt {max}}\end {equation*}
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\begin {equation*}\left \{ \begin {array}{@{}ll} W_1^\texttt {b} & \approx 2 E_{1,\texttt {max}} \left [ \sigma _y^\texttt {b} + (\sigma _y^\texttt {b} + 4 E_\texttt {t}^\texttt {b} E_{1,\texttt {max}}) \right ] = 8 E_\texttt {t}^\texttt {b} E_{1,\texttt {max}}^2 + 4 \sigma _y^\texttt {b} E_{1,\texttt {max}} \\[5pt] W_2^\texttt {b} & \approx 2 E_{2,\texttt {max}} \left \{ (\sigma _y^\texttt {b} + 4 E_\texttt {t}^\texttt {b} E_{1,\texttt {max}}) + \left [ \sigma _y^\texttt {b} + 4 E_\texttt {t}^\texttt {b} (E_{1,\texttt {max}} + E_{2,\texttt {max}}) \right ] \right \} \\[5pt] & = 8 E_\texttt {t}^\texttt {b} E_{2,\texttt {max}}^2 + 4 \sigma _y^\texttt {b} E_{2,\texttt {max}} + 16 E_\texttt {t}^\texttt {b} E_{1,\texttt {max}} E_{2,\texttt {max}} \\[5pt] W_3^\texttt {b} & \approx 2 E_{3,\texttt {max}} \left \{ \left [ \sigma _y^\texttt {b} + 4 E_\texttt {t}^\texttt {b} (E_{1,\texttt {max}} + E_{2,\texttt {max}}) \right ] + \left [ \sigma _y^\texttt {b} + 4 E_\texttt {t}^\texttt {b} (E_{1,\texttt {max}} + E_{2,\texttt {max}} + E_{3,\texttt {max}}) \right ] \right \} \\[5pt] & = 8 E_\texttt {t}^\texttt {b} E_{3,\texttt {max}}^2 + 4 \sigma _y^\texttt {b} E_{3,\texttt {max}} + 16 E_\texttt {t}^\texttt {b} E_{1,\texttt {max}} E_{3,\texttt {max}} + 16 E_\texttt {t}^\texttt {b} E_{2,\texttt {max}} E_{3,\texttt {max}} \\[5pt] \end {array} \right .\end {equation*}
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\begin {equation*}\mathbf {b}_{n+1}^\texttt {e} = \mathbf {F}_{n+1} (\mathbf {C}_{n+1}^\texttt {p})^{-1} \mathbf {F}_{n+1}^\top .\end {equation*}


\begin {equation}\label {Isochoric Plastic Flow} J_{n+1}^\texttt {p} = 1 \quad \Longleftrightarrow \quad \det (\mathbf {b}_{n+1}^\texttt {e}) = J_{n+1}^2 \quad \Longleftrightarrow \quad \det \left ( J_{n+1}^{-2/3} \mathbf {b}_{n+1}^\texttt {e} \right ) = 1 \quad \Longleftrightarrow \quad \det \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) = 1.\end {equation}


$\eqref {Local Governing Equations}_1$


\begin {equation*}\overline {\mathbf {b}}_{n+1}^\texttt {e} = \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} - \dfrac {2 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}\end {equation*}
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\begin {equation}\label {Deviatoric be_bar} \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) = \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) - \dfrac {2 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1}\end {equation}
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\begin {equation*}\dfrac {\mathcal {I}_1^3}{27} - \dfrac {\mathcal {I}_1 \mathcal {J}_2}{3} + \mathcal {J}_3 - \mathcal {I}_3 = 0\end {equation*}
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\begin {equation*}\mathcal {J}_2 = \dfrac {1}{2} \left \lVert \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) \right \rVert ^2 \quad \text {and} \quad \mathcal {J}_3 = \det \left [ \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e} \right ) \right ].\end {equation*}


$\mathcal {I}_3 = \det (\overline {\mathbf {b}}_{n+1}^\texttt {e}) = 1$


\begin {equation*}t = \dfrac {\mathcal {I}_1}{3} > 0, \quad \mathcal {P} = - \mathcal {J}_2 \leq 0, \quad \text {and} \quad \mathcal {Q} = \mathcal {J}_3 - 1.\end {equation*}


\begin {equation*}\Delta = - \left ( \dfrac {\mathcal {P}^3}{27} + \dfrac {\mathcal {Q}^2}{4} \right )\end {equation*}
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$\eqref {Finite Strain Tensors}$


\begin {equation}\label {Second Elastoplastic Moduli Initial} \begin {array}{ll} \mathbb {C}_{n+1}^\texttt {ep} = \dfrac {\partial \mathbf {S}_{n+1}}{\partial \mathbf {E}_{n+1}} = 2 \dfrac {\partial \mathbf {S}_{n+1}}{\partial \mathbf {C}_{n+1}} = & 2 \dfrac {\partial \varphi ^*(\boldsymbol {\tau }_{n+1}^\texttt {vol})}{\partial \mathbf {C}_{n+1}} + 2 \dfrac {\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} - 4 \widehat {\gamma }_{n+1} \varphi ^*(\mathbf {n}_{n+1}) \otimes \dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} \\[12pt] &- 4 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \varphi ^* (\mathbf {n}_{n+1}) \otimes \dfrac {\partial \widehat {\gamma }_{n+1}}{\partial \mathbf {C}_{n+1}} - 4 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \dfrac {\partial \varphi ^*(\mathbf {n}_{n+1})}{\partial \mathbf {C}_{n+1}}. \end {array}\end {equation}


$\mathbb {C}_{n+1}^\texttt {ep}$


$\partial \varphi ^*({\tau }_{n+1}^{\texttt {vol}}) / \partial {C}_{n+1}$


\begin {equation}\label {Partial tau Partial C Initial} \dfrac {\partial \varphi ^*(\boldsymbol {\tau }_{n+1}^\texttt {vol})}{\partial \mathbf {C}_{n+1}} = \dfrac {\partial \left ( J_{n+1} U'_{n+1} \mathbf {C}_{n+1}^{-1} \right )}{\partial \mathbf {C}_{n+1}} = \mathbf {C}_{n+1}^{-1} \otimes \dfrac {\partial (J_{n+1} U'_{n+1})}{\partial \mathbf {C}_{n+1}} + (J_{n+1} U'_{n+1}) \dfrac {\partial \mathbf {C}_{n+1}^{-1}}{\partial \mathbf {C}_{n+1}}.\end {equation}


\begin {equation*}\dfrac {\partial (J_{n+1} U'_{n+1})}{\partial \mathbf {C}_{n+1}} = \dfrac {\partial (J_{n+1} U'_{n+1})}{\partial J_{n+1}} \dfrac {\partial J_{n+1}}{\partial \mathbf {C}_{n+1}} = (J_{n+1} U'_{n+1})' \left ( \dfrac {1}{2} J_{n+1} \mathbf {C}_{n+1}^{-1} \right )\end {equation*}


\begin {equation*}\dfrac {\partial \mathbf {C}_{n+1}^{-1}}{\partial \mathbf {C}_{n+1}} = - \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} \quad \text {with} \quad \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} \right )_{ijkl} = \dfrac {1}{2} \left [ \left ( C_{n+1}^{-1} \right )_{ik} \left ( C_{n+1}^{-1} \right )_{jl} + \left ( C_{n+1}^{-1} \right )_{il} \left ( C_{n+1}^{-1} \right )_{jk} \right ]\end {equation*}


\begin {equation}\label {Partial tau Partial C Final} \dfrac {\partial \varphi ^*(\boldsymbol {\tau }_{n+1}^\texttt {vol})}{\partial \mathbf {C}_{n+1}} = \dfrac {1}{2} J_{n+1} (J_{n+1} U'_{n+1})' \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} - J_{n+1} U'_{n+1} \mathbb {I}_{\mathbf {C}_{n+1}^{-1}}.\end {equation}


$\partial \varphi ^*(\mathbf {s}_{n+1}^{tr}) / \partial \mathbf {C}_{n+1}$


\begin {equation}\label {be-bar Trial} \begin {array}{ll} \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} &= \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top = \left [ \left ( J_{n+1}^f \right )^{-1/3} \mathbf {f}_{n+1} \right ] \left [ \left ( J_{n}^\texttt {e} \right )^{-2/3} \mathbf {b}_n^\texttt {e} \right ] \left [ \left ( J_{n+1}^f \right )^{-1/3} \mathbf {f}_{n+1}^\top \right ] \\[10pt] &= \left ( \dfrac {J_{n+1} J_n^\texttt {e}}{J_n} \right )^{-2/3} \left ( \mathbf {F}_{n+1} \mathbf {F}_n^{-1} \right ) \left ( \mathbf {F}_n^\texttt {e} (\mathbf {F}_n^\texttt {e})^\top \right ) \left ( \mathbf {F}_n^{-\top } \mathbf {F}_{n+1}^\top \right ) \\[10pt] & = J_{n+1}^{-2/3} \mathbf {F}_{n+1} \left ( \mathbf {F}_n^\texttt {p} \right )^{-1} \left ( \mathbf {F}_n^\texttt {p} \right )^{-\top } \mathbf {F}_{n+1}^\top = J_{n+1}^{-2/3} \mathbf {F}_{n+1} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \mathbf {F}_{n+1}^\top \end {array}\end {equation}


$J_n = J_n^\texttt {e}$


$J_{n+1} = J_{n+1}^f J_n$


\begin {equation*}\begin {array}{ll} \mathbf {s}_{n+1}^\texttt {tr} &= \mu \ \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) = \mu J_{n+1}^{-2/3} \text {dev} \left [ \mathbf {F}_{n+1} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \mathbf {F}_{n+1}^\top \right ] \\[10pt] &= \mu J_{n+1}^{-2/3} \left \{ \mathbf {F}_{n+1} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \mathbf {F}_{n+1}^\top - \dfrac {1}{3} \text {tr} \left [ \mathbf {F}_{n+1} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \mathbf {F}_{n+1}^\top \right ] \mathbf {I} \right \} \\[10pt] &= \mu J_{n+1}^{-2/3} \left \{ \mathbf {F}_{n+1} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \mathbf {F}_{n+1}^\top - \dfrac {1}{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {I} \right \} \end {array}\end {equation*}


\begin {equation*}\varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) = \mathbf {F}_{n+1}^{-1} \mathbf {s}_{n+1}^\texttt {tr} \mathbf {F}_{n+1}^{-\top } = \mu J_{n+1}^{-2/3} \left \{ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \dfrac {1}{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \}.\end {equation*}


\begin {equation}\label {Partial s-trial-forward Partial C Initial} \dfrac {\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} = \mu \left \{ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \dfrac {1}{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \} \dfrac {\partial J_{n+1}^{-2/3}}{\partial \mathbf {C}_{n+1}} - \dfrac {\mu }{3} J_{n+1}^{-2/3} \dfrac {\partial }{\partial \mathbf {C}_{n+1}} \left \{ \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \}.\end {equation}


\begin {equation}\label {Partial J^(-2/3) Partial C} \dfrac {\partial J_{n+1}^{-2/3}}{\partial \mathbf {C}_{n+1}} = - \dfrac {2}{3} J_{n+1}^{-5/3} \dfrac {\partial J_{n+1}}{\partial \mathbf {C}_{n+1}} = - \dfrac {2}{3} J_{n+1}^{-5/3} \left ( \dfrac {1}{2} J_{n+1} \mathbf {C}_{n+1}^{-1} \right ) = - \dfrac {1}{3} J_{n+1}^{-2/3} \mathbf {C}_{n+1}^{-1}\end {equation}


\begin {equation*}\begin {array}{ll} \dfrac {\partial }{\partial \mathbf {C}_{n+1}} \left \{ \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \} &= \mathbf {C}_{n+1}^{-1} \otimes \dfrac {\partial \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ]}{\partial \mathbf {C}_{n+1}} + \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \dfrac {\partial \mathbf {C}_{n+1}^{-1}}{\partial \mathbf {C}_{n+1}} \\[12pt] & = \mathbf {C}_{n+1}^{-1} \otimes \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} \end {array}\end {equation*}


\begin {equation*}\begin {array}{ll} \dfrac {\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} = &- \dfrac {\mu }{3} J_{n+1}^{-2/3} \left \{ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \dfrac {1}{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \} \otimes \mathbf {C}_{n+1}^{-1} \\[12pt] & - \dfrac {\mu }{3} J_{n+1}^{-2/3} \left \{ \mathbf {C}_{n+1}^{-1} \otimes \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} \right \}. \end {array}\end {equation*}


\begin {equation}\label {Partial s-trial-forward Partial C Middle} \dfrac {\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} = - \dfrac {\mu }{3} J_{n+1}^{-2/3} \left \{ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} + \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) \right \}.\end {equation}


$J_{n+1}^{-2/3} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} = \varphi ^* \left ( \overline {\mathbf {b}}_{n+1}^\texttt {tr} \right )$


\begin {equation*}\left \{ \begin {array}{@{}l} \mu \varphi ^* \left ( \overline {\mathbf {b}}_{n+1}^\texttt {tr} \right ) \otimes \mathbf {C}_{n+1}^{-1} = \varphi ^* \left ( \mathbf {s}_{n+1}^\texttt {tr} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \overline {\mu }_{n+1}^\texttt {tr} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1}, \\[12pt] \mu \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \overline {\mathbf {b}}_{n+1}^\texttt {tr} \right ) = \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \mathbf {s}_{n+1}^\texttt {tr} \right ) + \overline {\mu }_{n+1}^\texttt {tr} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1}, \\[12pt] \dfrac {\mu }{3} \varphi ^* \left ( \overline {\mathbf {b}}_{n+1}^\texttt {tr} \right ) : \mathbf {C}_{n+1} = \dfrac {\mu }{3} \text {tr} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {tr} \right ) = \overline {\mu }_{n+1}^\texttt {tr}. \end {array} \right .\end {equation*}


\begin {equation}\label {Partial s-trial-forward Partial C Final} \dfrac {\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} = \overline {\mu }_{n+1}^\texttt {tr} \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} - \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) - \dfrac {1}{3} \left [ \varphi ^* \left ( \mathbf {s}_{n+1}^\texttt {tr} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \mathbf {s}_{n+1}^\texttt {tr} \right ) \right ].\end {equation}


$\partial \overline {\overline {\mu }}_{n+1}^{tr} / \partial \mathbf {C}_{n+1}$


\begin {equation}\label {Partial mu-bar-bar Partial C} \dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} = \dfrac {\partial \overline {\mu }_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} - \dfrac {1}{3} \dfrac {\partial }{\partial \mathbf {C}_{n+1}} \text {tr} \left ( \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top \right ).\end {equation}


\begin {equation*}\overline {\mu }_{n+1}^\texttt {tr} = \dfrac {\mu }{3} \text {tr} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) = \dfrac {\mu }{3} J_{n+1}^{-2/3} \text {tr} \left ( \mathbf {F}_{n+1} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \mathbf {F}_{n+1}^\top \right ) = \dfrac {\mu }{3} J_{n+1}^{-2/3} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1}.\end {equation*}


$\overline {\mu }_{n+1}^\texttt {tr}$


\begin {equation}\label {Partial mu-bar Partial C} \begin {array}{ll} \dfrac {\partial \overline {\mu }_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} & = \dfrac {\mu }{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \dfrac {\partial J_{n+1}^{-2/3}}{\partial \mathbf {C}_{n+1}} + \dfrac {\mu }{3} J_{n+1}^{-2/3} \dfrac {\partial }{\partial \mathbf {C}_{n+1}} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \\[12pt] & = \dfrac {\mu }{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \left ( - \dfrac {1}{3} J_{n+1}^{-2/3} \mathbf {C}_{n+1}^{-1} \right ) + \dfrac {\mu }{3} J_{n+1}^{-2/3} \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} \\[12pt] &= \dfrac {\mu }{3} J_{n+1}^{-2/3} \left \{ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \dfrac {1}{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \} \end {array}\end {equation}


\begin {equation}\label {J^(-2/3) F Gamma F} \begin {array}{ll} \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top &= \left [ \left ( J_{n+1}^f \right )^{-1/3} \mathbf {f}_{n+1} \right ] \left ( J_n^{-2/3} \boldsymbol {\beta }_n \right ) \left [ \left ( J_{n+1}^f \right )^{-1/3} \mathbf {f}_{n+1}^\top \right ] \\[12pt] & = J_{n+1}^{-2/3} \left ( \mathbf {F}_{n+1} \mathbf {F}_n^{-1} \right ) \boldsymbol {\beta }_n \left ( \mathbf {F}_n^{-\top } \mathbf {F}_{n+1}^\top \right ) = J_{n+1}^{-2/3} \mathbf {F}_{n+1} \boldsymbol {\Gamma }_n \mathbf {F}_{n+1}^\top \end {array}\end {equation}


$\boldsymbol {\Gamma }_n = \mathbf {F}_n^{-1} \boldsymbol {\beta }_n \mathbf {F}_n^{-\top }$


\begin {equation*}\text {tr}\left ( \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top \right ) = J_{n+1}^{-2/3} \boldsymbol {\Gamma }_n : \mathbf {C}_{n+1}\end {equation*}


\begin {equation}\label {Partial f-beta-f Partial C} \dfrac {\partial }{\partial \mathbf {C}_{n+1}} \text {tr} \left ( \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top \right ) = J_{n+1}^{-2/3} \left [ \boldsymbol {\Gamma }_n - \dfrac {1}{3} \left ( \boldsymbol {\Gamma }_n : \mathbf {C}_{n+1} \right ) \mathbf {C}_{n+1}^{-1} \right ]\end {equation}


\begin {equation*}\dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} = \dfrac {\mu }{3} J_{n+1}^{-2/3} \left \{ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} - \dfrac {1}{3} \left [ \left ( \mathbf {C}_n^\texttt {p} \right )^{-1} : \mathbf {C}_{n+1} \right ] \mathbf {C}_{n+1}^{-1} \right \} - \dfrac {1}{3} J_{n+1}^{-2/3} \left [ \boldsymbol {\Gamma }_n - \dfrac {1}{3} \left ( \boldsymbol {\Gamma }_n : \mathbf {C}_{n+1} \right ) \mathbf {C}_{n+1}^{-1} \right ].\end {equation*}


$\varphi _*$


\begin {equation*}\begin {array}{ll} \varphi _* \left ( \dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} \right ) &= \dfrac {\mu }{3} \left [ \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top - \dfrac {1}{3} \text {tr} \left ( \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top \right ) \mathbf {I} \right ] - \dfrac {1}{3} \left [ \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top - \dfrac {1}{3} \text {tr} \left ( \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top \right ) \mathbf {I} \right ] \\[12pt] & = \dfrac {\mu }{3} \text {dev} \left ( \overline {\mathbf {f}}_{n+1} \overline {\mathbf {b}}_n^\texttt {e} \overline {\mathbf {f}}_{n+1}^\top \right ) - \dfrac {1}{3} \text {dev} \left ( \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top \right ) = \dfrac {\mu }{3} \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) - \dfrac {1}{3} \text {dev} \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ) \\[12pt] & = \dfrac {1}{3} \left [ \mathbf {s}_{n+1}^\texttt {tr} - \text {dev} \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ) \right ] = \dfrac {1}{3} \boldsymbol {\xi }_{n+1}^\texttt {tr} \end {array}\end {equation*}


\begin {equation}\label {Partial mu-bar-bar Partial C Final} \dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} = \dfrac {1}{3} \varphi ^* \left ( \boldsymbol {\xi }_{n+1}^\texttt {tr} \right ).\end {equation}


$\partial \widehat {\gamma }_{n+1} / \partial \mathbf {C}_{n+1}$


$\widehat {\gamma }_{n+1}$


$\mathcal {G}(\widehat {\gamma }_{n+1}) = 0$


\begin {equation}\label {Partial gamma Partial C Initial} \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} - 2 \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) \dfrac {\partial \widehat {\gamma }_{n+1}}{\partial \mathbf {C}_{n+1}} - \dfrac {2 k'}{3} \dfrac {\partial \widehat {\gamma }_{n+1}}{\partial \mathbf {C}_{n+1}} = 0,\end {equation}


$\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert / \partial \mathbf {C}_{n+1}$


\begin {equation*}\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2 = \boldsymbol {\xi }_{n+1}^\texttt {tr}:\boldsymbol {\xi }_{n+1}^\texttt {tr} = \varphi _* \left [ \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ] : \varphi _* \left [ \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ] = \left [ \mathbf {C}_{n+1} \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ] : \left [ \mathbf {C}_{n+1} \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ]\end {equation*}


\begin {equation}\label {Partial xi-trial-norm-square Partial C} \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2}{\partial \mathbf {C}_{n+1}} = 2 \left [ \mathbf {C}_{n+1} \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}) \mathbf {C}_{n+1} \right ] : \dfrac {\partial \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} + 2 \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}) \mathbf {C}_{n+1} \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr}).\end {equation}


$\partial \varphi ^* (\mathbf {s}_{n+1}^\texttt {tr}) / \partial \mathbf {C}_{n+1}$


\begin {equation*}\dfrac {\partial \varphi ^*(\overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} = \dfrac {1}{3}\text {tr} \left ( \overline {\mathbf {f}}_{n+1} \overline {\boldsymbol {\beta }}_n \overline {\mathbf {f}}_{n+1}^\top \right ) \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} - \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) - \dfrac {1}{3} \left [ \varphi ^* \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} \right ) \right ]\end {equation*}


\begin {equation}\label {Partial xi-trial-forward Partial C} \begin {array}{ll} \dfrac {\partial \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} &= \dfrac {\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} -\dfrac {\partial \varphi ^*(\overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} \\[12pt] &= \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} - \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) - \dfrac {1}{3} \left [ \varphi ^* \left ( \boldsymbol {\xi }_{n+1}^\texttt {tr} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \boldsymbol {\xi }_{n+1}^\texttt {tr} \right ) \right ]. \end {array}\end {equation}


$\varphi _*$


\begin {equation*}\varphi _* \left ( \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2}{\partial \mathbf {C}_{n+1}} \right ) = 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \boldsymbol {\xi }_{n+1}^\texttt {tr} - \dfrac {2}{3} \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2 \mathbf {I} + 2 \left ( \boldsymbol {\xi }_{n+1}^\texttt {tr} \right )^2.\end {equation*}


\begin {equation*}\dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2}{\partial \mathbf {C}_{n+1}} = \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2}{\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} = 2 \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} \quad \Rightarrow \quad \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} = \dfrac {1}{2 \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2}{\partial \mathbf {C}_{n+1}},\end {equation*}


\begin {equation*}\varphi _* \left ( \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} \right ) = \overline {\overline {\mu }}_{n+1}^\texttt {tr} \mathbf {n}_{n+1} - \dfrac {1}{3} \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \left ( \mathbf {n}_{n+1} : \mathbf {n}_{n+1} \right ) \mathbf {I} + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \mathbf {n}_{n+1}^2.\end {equation*}


$\varphi _* \left ( \partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert / \partial \mathbf {C}_{n+1} \right )$


\begin {equation*}\text {tr} \left [ \varphi _* \left ( \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} \right ) \right ] = \overline {\overline {\mu }}_{n+1}^\texttt {tr} \text {tr}(\mathbf {n}_{n+1}) - \dfrac {1}{3} \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \mathbf {n}_{n+1} : \mathbf {n}_{n+1} \text {tr}(\mathbf {I}) + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \text {tr} (\mathbf {n}_{n+1}^2) = 0.\end {equation*}


\begin {equation*}\varphi _* \left ( \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} \right ) = \text {dev} \left [ \varphi _* \left ( \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} \right ) \right ] = \overline {\overline {\mu }}_{n+1}^\texttt {tr} \mathbf {n}_{n+1} + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \text {dev} (\mathbf {n}_{n+1}^2),\end {equation*}


\begin {equation}\label {Partial xi-trial-norm Partial C} \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} = \varphi ^* \left [ \overline {\overline {\mu }}_{n+1}^\texttt {tr} \mathbf {n}_{n+1} + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \text {dev} (\mathbf {n}_{n+1}^2) \right ] = \overline {\overline {\mu }}_{n+1}^\texttt {tr} \varphi ^*(\mathbf {n}_{n+1}) + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ].\end {equation}


\begin {equation}\label {Partial gamma Partial C Final} \begin {array}{ll} \dfrac {\partial \widehat {\gamma }_{n+1}}{\partial \mathbf {C}_{n+1}} &= \dfrac {1}{2 c_0 \overline {\overline {\mu }}_{n+1}^\texttt {tr}} \left [ \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} - 2 \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \dfrac {\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\partial \mathbf {C}_{n+1}} \right ] \\[12pt] &= \dfrac {1}{2 c_0 \overline {\overline {\mu }}_{n+1}^\texttt {tr}} \left \{ \overline {\overline {\mu }}_{n+1}^\texttt {tr} \varphi ^*(\mathbf {n}_{n+1}) + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] - 2 \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \left [ \dfrac {1}{3} \varphi ^* \left ( \boldsymbol {\xi }_{n+1}^\texttt {tr} \right ) \right ] \right \} \\[12pt] &= \dfrac {1}{2 c_0 \overline {\overline {\mu }}_{n+1}^\texttt {tr}} \left \{ \left [ \overline {\overline {\mu }}_{n+1}^\texttt {tr} - \dfrac {2}{3} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \right ] \varphi ^* (\mathbf {n}_{n+1}) + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] \right \} \end {array}\end {equation}


\begin {equation*}c_0 = 1 + \dfrac {h}{3\mu } + \dfrac {k'}{3 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}.\end {equation*}


$\partial \varphi ^*(\mathbf {n}_{n+1}) / \partial \mathbf {C}_{n+1}$


\begin {equation}\label {Partial n-forward Partial C Initial} \dfrac {\partial \varphi ^*(\mathbf {n}_{n+1})}{\partial \mathbf {C}_{n+1}} = \dfrac {\partial }{\partial \mathbf {C}_{n+1}} \left [ \dfrac {\varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr})}{\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \right ] = \dfrac {1}{\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert ^2} \left [ \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \dfrac {\partial \varphi ^* (\boldsymbol {\xi }_{n+1}^\texttt {tr})}{\partial \mathbf {C}_{n+1}} - \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \otimes \dfrac {\partial \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert }{\partial \mathbf {C}_{n+1}} \right ].\end {equation}


\begin {equation}\label {Partial n-forward Partial C Final} \begin {array}{ll} \dfrac {\partial \varphi ^*(\mathbf {n}_{n+1})}{\partial \mathbf {C}_{n+1}} = &\dfrac {\overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} - \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) - \dfrac {1}{3} \left [ \varphi ^* \left ( \mathbf {n}_{n+1} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \mathbf {n}_{n+1} \right ) \right ] \\[12pt] &- \dfrac {\overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*(\mathbf {n}_{n+1}) - \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ]. \end {array}\end {equation}


$\partial \varphi ^*(\boldsymbol {\tau }_{n+1}^\texttt {vol}) / \partial \mathbf {C}_{n+1}$


$\partial \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) / \partial \mathbf {C}_{n+1}$


$\partial \overline {\overline {\mu }}_{n+1}^\texttt {tr} / \partial \mathbf {C}_{n+1}$


$\partial \widehat {\gamma }_{n+1} / \partial \mathbf {C}_{n+1}$


$\partial \varphi ^*(\mathbf {n}_{n+1}) / \partial \mathbf {C}_{n+1}$


\begin {equation*}\begin {array}{ll} \mathbb {C}_{n+1}^\texttt {ep} = &J_{n+1} (J_{n+1} U'_{n+1})' \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} - 2 J_{n+1} U'_{n+1} \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} \\[12pt] &+ 2 \overline {\mu }_{n+1}^\texttt {tr} \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} - \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) - \dfrac {2}{3} \left [ \varphi ^* \left ( \mathbf {s}_{n+1}^\texttt {tr} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \mathbf {s}_{n+1}^\texttt {tr} \right ) \right ] \\[12pt] &- \dfrac {4}{3} \widehat {\gamma }_{n+1} \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^* (\mathbf {n}_{n+1}) \\[12pt] &- \dfrac {2}{c_0} \varphi ^* (\mathbf {n}_{n+1}) \otimes \left \{ \left [ \overline {\overline {\mu }}_{n+1}^\texttt {tr} - \dfrac {2}{3} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \right ] \varphi ^* (\mathbf {n}_{n+1}) + \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ] \right \} \\[12pt] &- \dfrac {4 \left ( \overline {\overline {\mu }}_{n+1}^\texttt {tr} \right )^2 \widehat {\gamma }_{n+1}}{\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \left ( \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} - \dfrac {1}{3} \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \right ) \\[12pt] &+ \dfrac {4 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1}}{3} \left [ \varphi ^* \left ( \mathbf {n}_{n+1} \right ) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^* \left ( \mathbf {n}_{n+1} \right ) \right ] \\[12pt] &+ \dfrac {4 \left ( \overline {\overline {\mu }}_{n+1}^\texttt {tr} \right )^2 \widehat {\gamma }_{n+1}}{\lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert } \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*(\mathbf {n}_{n+1}) + 4 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \widehat {\gamma }_{n+1} \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ]. \end {array}\end {equation*}


\begin {equation*}\begin {array}{ll} \mathbb {C}_{n+1}^\texttt {ep} = &\left ( 2 \overline {\mu }_{n+1}^\texttt {tr} - 2 c_1 \overline {\overline {\mu }}_{n+1}^\texttt {tr} - 2 J_{n+1} U'_{n+1} \right ) \mathbb {I}_{\mathbf {C}_{n+1}^{-1}} + \left [ J_{n+1} (J_{n+1} U'_{n+1})' - \dfrac {2 \overline {\mu }_{n+1}^\texttt {tr}}{3} + \dfrac {2 c_1 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{3} \right ] \mathbf {C}_{n+1}^{-1} \otimes \mathbf {C}_{n+1}^{-1} \\[12pt] &- \dfrac {2}{3} \left [ \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^*(\mathbf {s}_{n+1}^\texttt {tr}) \right ] + \dfrac {2 c_1}{3} \left [ \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \otimes \mathbf {C}_{n+1}^{-1} + \mathbf {C}_{n+1}^{-1} \otimes \varphi ^*(\boldsymbol {\xi }_{n+1}^\texttt {tr}) \right ] \\[12pt] &- c_3 \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*(\mathbf {n}_{n+1}) - c_4 \varphi ^*(\mathbf {n}_{n+1}) \otimes \varphi ^*\left [ \text {dev} (\mathbf {n}_{n+1}^2) \right ]. \end {array}\end {equation*}


$c_1$


$c_3$


$c_4$


$\mathbb {C}_{n+1}^\texttt {ep}$


$\eqref {Updated be_bar}$


$\overline {\mathbf {b}}^\texttt {e}$


$J^\texttt {p}=1$


$k(\alpha ) \equiv \sigma _y$


$h=0$


\begin {equation*}\mathbf {F} = \left [ \begin {array}{@{}lll@{}} \lambda & & \\ & \lambda ^\texttt {l} & \\ & & \lambda ^\texttt {l} \end {array} \right ], \quad \mathbf {F}^\texttt {p} = \left [ \begin {array}{@{}lll@{}} \lambda ^\texttt {p} & & \\ & \dfrac {1}{\sqrt {\lambda ^\texttt {p}}} & \\ & & \dfrac {1}{\sqrt {\lambda ^\texttt {p}}} \end {array} \right ], \quad \text {and} \quad \mathbf {F}^\texttt {e} = \left [ \begin {array}{@{}lll@{}} \dfrac {\lambda }{\lambda ^\texttt {p}} & & \\ & \lambda ^\texttt {l} \sqrt {\lambda ^\texttt {p}} & \\ & & \lambda ^\texttt {l} \sqrt {\lambda ^\texttt {p}} \end {array} \right ].\end {equation*}


$\lambda $


$\lambda ^\texttt {l}$


$\lambda ^\texttt {p}$


$\tau _{11}$


$\lambda _1$


$\lambda ^\texttt {l}$


$\overline {\mathbf {b}}^\texttt {e}$


$\mathbf {F} = \mathbf {F}^\texttt {e} \mathbf {F}^\texttt {p}$


$\det (\mathbf {F}^\texttt {p}) = 1$


$\mathbf {F}^\texttt {e}$


\begin {equation*}\text {dev} (\overline {\mathbf {b}}^\texttt {e}) = \dfrac {1}{3} \left [ \lambda ^\texttt {p} \left ( \dfrac {\lambda ^\texttt {l}}{\lambda } \right )^{2/3} - \dfrac {1}{(\lambda ^\texttt {p})^2} \left ( \dfrac {\lambda }{\lambda ^\texttt {l}} \right )^{4/3} \right ] \left [ \begin {array}{@{}lll@{}} -2 & & \\ & 1 & \\ & & 1 \end {array} \right ]\end {equation*}


$\boldsymbol {\tau }$


\begin {equation*}\left \{ \begin {array}{@{}l@{}} \tau _{11} = J U'(J) - \dfrac {2\mu }{3} \left [ \lambda ^\texttt {p} \left ( \dfrac {\lambda ^\texttt {l}}{\lambda } \right )^{2/3} - \dfrac {1}{(\lambda ^\texttt {p})^2} \left ( \dfrac {\lambda }{\lambda ^\texttt {l}} \right )^{4/3} \right ], \\[12pt] \tau _{22} = \tau _{33} = J U'(J) + \dfrac {\mu }{3} \left [ \lambda ^\texttt {p} \left ( \dfrac {\lambda ^\texttt {l}}{\lambda } \right )^{2/3} - \dfrac {1}{(\lambda ^\texttt {p})^2} \left ( \dfrac {\lambda }{\lambda ^\texttt {l}} \right )^{4/3}\right ], \end {array} \right .\end {equation*}


$J = \lambda (\lambda ^\texttt {l})^2$


$\tau _{22} = \tau _{33} = 0$


$\lambda $


$\lambda _p$


$\lambda _l$


\begin {equation}\label {Solve for lambda_l for Elastic Process} \dfrac {\kappa }{2} \left [ \lambda ^2 (\lambda ^\texttt {l})^4-1 \right ] + \dfrac {\mu }{3} \left [ \lambda ^\texttt {p} \left ( \dfrac {\lambda ^\texttt {l}}{\lambda } \right )^{2/3} - \dfrac {1}{(\lambda ^\texttt {p})^2} \left ( \dfrac {\lambda }{\lambda ^\texttt {l}} \right )^{4/3}\right ] = 0\end {equation}


$U(J)$


$\tau _{11} = \pm \sigma _y$


$\tau _{22} = \tau _{33} = 0$


$\lambda $


$\lambda ^\texttt {l}$


\begin {equation}\label {Solve for lambda_l for Plastic Process} \lambda ^\texttt {l} = \dfrac {1}{\sqrt {\lambda }} \left ( 1 \pm \dfrac {2 \sigma _y}{3 \kappa } \right )^{1/4}\end {equation}


$\lambda ^\texttt {p}$


\begin {equation}\label {Solve for lambda_p for Plastic Process} \left ( \dfrac {\lambda ^\texttt {l}}{\lambda } \right )^{2/3} (\lambda ^\texttt {p})^3 \pm \dfrac {\sigma _y}{\mu } (\lambda ^\texttt {p})^2 - \left ( \dfrac {\lambda }{\lambda ^\texttt {l}} \right )^{4/3} = 0.\end {equation}


$\eqref {Local Governing Equations}_1$


$\overline {\mathbf {b}}^\texttt {e}$


$E=1$


$\nu =0.3$


$\sigma _y=0.2$


$E$


$\nu $


$\tau _{11}$


$\lambda ^\texttt {l}$


$\overline {\mathbf {b}}^\texttt {e}$


$1.56 \times 10^{-10}$


$\tau _{11}$


$7.76 \times 10^{-11}$


$\lambda ^\texttt {l}$


$7.95 \times 10^{-10}$


$\text {det}(\overline {\mathbf {b}}^\texttt {e})$


$\eqref {Global Governing Equation}_1$


$10^{-8}$


$\overline {\mathbf {b}}_1^\texttt {e}, \ldots , \overline {\mathbf {b}}_N^\texttt {e}$


$\overline {\boldsymbol {\beta }}_1, \ldots , \overline {\boldsymbol {\beta }}_N$


$\alpha _1, \ldots , \alpha _N$


$\widehat {\gamma }_1, \ldots , \widehat {\gamma }_N$


$\mathbf {u}_1, \ldots , \mathbf {u}_N$


\begin {equation}\label {Residual Expresssions} \left \{ \begin {array}{@{}l} \mathbf {r}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}}(\{\overline {\zeta }\}, \overline {\mathbf {b}}_{n+1}^\texttt {e}, \widehat {\gamma }_{n+1}, \mathbf {u}_{n+1}, \overline {\mathbf {b}}_n^\texttt {e}, \overline {\boldsymbol {\beta }}_n, \mathbf {u}_n) = \overline {\mathbf {b}}_{n+1}^\texttt {e} - \text {dev} \left ( \overline {\mathbf {b}}_{n+1}^\texttt {e,tr} \right ) + \dfrac {2 \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{\mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1} - \dfrac {1}{3} \mathcal {I}_1 \mathbf {I} = \mathbf {0}, \\[12pt] \mathbf {r}_{n+1}^{\overline {\boldsymbol {\beta }}}(\{\overline {\zeta }\}, \overline {\boldsymbol {\beta }}_{n+1}, \widehat {\gamma }_{n+1}, \mathbf {u}_{n+1}, \overline {\mathbf {b}}_n^\texttt {e}, \overline {\boldsymbol {\beta }}_n, \mathbf {u}_n) = \overline {\boldsymbol {\beta }}_{n+1} - \overline {\boldsymbol {\beta }}_{n+1}^\texttt {tr} - \dfrac {2h \overline {\overline {\mu }}_{n+1}^\texttt {tr}}{3 \mu } \widehat {\gamma }_{n+1} \mathbf {n}_{n+1} = \mathbf {0}, \\[12pt] r_{n+1}^{\alpha }(\alpha _{n+1}, \widehat {\gamma }_{n+1}, \alpha _n) = \alpha _{n+1} - \alpha _{n+1}^\texttt {tr} - \sqrt {\dfrac {2}{3}} \widehat {\gamma }_{n+1} = 0, \\[12pt] r_{n+1}^{\widehat {\gamma }}(\{\overline {\zeta }\}, \widehat {\gamma }_{n+1}, \mathbf {u}_{n+1}, \overline {\mathbf {b}}_n^\texttt {e}, \overline {\boldsymbol {\beta }}_n, \alpha _n, \mathbf {u}_n) = \widehat {\gamma }_{n+1} \mathcal {G}(\widehat {\gamma }_{n+1}) = \widehat {\gamma }_{n+1} \left [ \lVert \boldsymbol {\xi }_{n+1}^\texttt {tr} \rVert - 2 \overline {\overline {\mu }}_{n+1}^\texttt {tr} \left ( 1 + \dfrac {h}{3\mu } \right ) \widehat {\gamma }_{n+1} - \sqrt {\dfrac {2}{3}} k \left ( \alpha _{n+1}^\texttt {tr} + \sqrt {\dfrac {2}{3}} \widehat {\gamma }_{n+1} \right ) \right ] = 0, \\[12pt] \displaystyle r_{n+1}^\mathbf {u}(\{\overline {\zeta }\}, \widehat {\gamma }_{n+1}, \mathbf {u}_{n+1}, \overline {\mathbf {b}}_n^\texttt {e}, \overline {\boldsymbol {\beta }}_n, \mathbf {u}_n) = \int _{\Omega _0} \mathbf {P}_{n+1} : \nabla \mathbf {v}\ \text {d} \mathbf {X} - \int _{\Omega _0} \overline {\mathbf {q}}_{n+1} \cdot \mathbf {v}\ \text {d} \mathbf {X} - \int _{\partial \Omega _0^\mathcal {N}} \overline {\mathbf {t}}_{n+1} \cdot \mathbf {v}\ \text {d} \mathbf {X} = 0, \end {array} \right .\end {equation}


$\{\overline {\zeta }\} = \{ \overline {\rho }, \overline {\xi }_1, \ldots , \overline {\xi }_{N^\texttt {mat}} \}$


$\widehat {\gamma }_1, \ldots , \widehat {\gamma }_N$


$\eqref {Residual Expresssions}_4$


$\widehat {\gamma }_1, \ldots , \widehat {\gamma }_N$


\begin {equation*}\left \{ \begin {array}{@{}l} \mathbf {R}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}} (\{\overline {\boldsymbol {\zeta }}\}, \mathbf {V}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}}, \mathbf {V}_{n+1}^{\widehat {\gamma }}, \mathbf {U}_{n+1}, \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}, \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}, \mathbf {U}_n) = \mathbf {0}, \\[8pt] \mathbf {R}_{n+1}^{\overline {\boldsymbol {\beta }}}(\{\overline {\boldsymbol {\zeta }}\}, \mathbf {V}_{n+1}^{\overline {\boldsymbol {\beta }}}, \mathbf {V}_{n+1}^{\widehat {\gamma }}, \mathbf {U}_{n+1}, \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}, \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}, \mathbf {U}_n) = \mathbf {0}, \\[8pt] \mathbf {R}_{n+1}^{\alpha }(\mathbf {V}_{n+1}^\alpha , \mathbf {V}_{n+1}^{\widehat {\gamma }}, \mathbf {V}_n^\alpha ) = \mathbf {0}, \\[8pt] \mathbf {R}_{n+1}^{\widehat {\gamma }}(\{\overline {\boldsymbol {\zeta }}\}, \mathbf {V}_{n+1}^{\widehat {\gamma }}, \mathbf {U}_{n+1}, \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}, \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}, \mathbf {V}_n^\alpha , \mathbf {U}_n) = \mathbf {0}, \\[8pt] \mathbf {R}_{n+1}^\mathbf {u}(\{\overline {\boldsymbol {\zeta }}\}, \mathbf {V}_{n+1}^{\widehat {\gamma }}, \mathbf {U}_{n+1}, \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}, \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}, \mathbf {U}_n) = \mathbf {0}. \end {array} \right .\end {equation*}


$\{\overline {\boldsymbol {\zeta }}\} = \{ \overline {\boldsymbol {\rho }}, \overline {\boldsymbol {\xi }}_1, \ldots , \overline {\boldsymbol {\xi }}_{N^\texttt {mat}} \}$


$\overline {\zeta }_e$


$e$


$\mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}$


$n=1,\ldots ,N$


$\overline {\mathbf {b}}_n^\texttt {e}$


\begin {equation*}\mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}} = \left [ \left (\overline {\mathbf {b}}_{n,1}^\texttt {e,v}\right )^\top , \ldots , \left (\overline {\mathbf {b}}_{n,N^\texttt {pt}}^\texttt {e,v}\right )^\top \right ]^\top \end {equation*}


$\overline {\mathbf {b}}_{n,i}^\texttt {e,v}$


$i = 1, \ldots , N^\texttt {pt}$


$\overline {\mathbf {b}}_{n,i}^\texttt {e}$


\begin {equation*}\overline {\mathbf {b}}_{n,i}^\texttt {e,v} = \left [ \left ( \overline {\mathbf {b}}_{n,i}^\texttt {e} \right )_{11}, \left ( \overline {\mathbf {b}}_{n,i}^\texttt {e} \right )_{12}, \left ( \overline {\mathbf {b}}_{n,i}^\texttt {e} \right )_{13}, \left ( \overline {\mathbf {b}}_{n,i}^\texttt {e} \right )_{22}, \left ( \overline {\mathbf {b}}_{n,i}^\texttt {e} \right )_{23}, \left ( \overline {\mathbf {b}}_{n,i}^\texttt {e} \right )_{33} \right ]^\top .\end {equation*}


$i$


$N^\texttt {pt}$


$\mathbf {V}_n^{\overline {\boldsymbol {\beta }}}$


$n=1,\ldots ,N$


$\overline {\boldsymbol {\beta }}_n$


\begin {equation*}\mathbf {V}_n^{\overline {\boldsymbol {\beta }}} = \left [ \left (\overline {\boldsymbol {\beta }}_{n,1}^\texttt {v}\right )^\top , \ldots , \left (\overline {\boldsymbol {\beta }}_{n,N^\texttt {pt}}^\texttt {v}\right )^\top \right ]^\top \end {equation*}


$\overline {\boldsymbol {\beta }}_{n,i}^\texttt {v}$


$i = 1, \ldots , N^\texttt {pt}$


$\overline {\boldsymbol {\beta }}_{n,i}$


\begin {equation*}\overline {\boldsymbol {\beta }}_{n,i}^\texttt {v} = \left [ \left ( \overline {\boldsymbol {\beta }}_{n,i} \right )_{11}, \left ( \overline {\boldsymbol {\beta }}_{n,i} \right )_{12}, \left ( \overline {\boldsymbol {\beta }}_{n,i} \right )_{13}, \left ( \overline {\boldsymbol {\beta }}_{n,i} \right )_{22}, \left ( \overline {\boldsymbol {\beta }}_{n,i} \right )_{23}, \left ( \overline {\boldsymbol {\beta }}_{n,i} \right )_{33} \right ]^\top .\end {equation*}


$\mathbf {V}_n^\alpha $


$\mathbf {V}_n^{\widehat {\gamma }}$


$n=1,\ldots ,N$


$\alpha _n$


$\widehat {\gamma }_n$


\begin {equation*}\mathbf {V}_n^\alpha = \left [ \alpha _{n,1}, \ldots , \alpha _{n,N^\texttt {pt}} \right ]^\top \quad \text {and} \quad \mathbf {V}_n^{\widehat {\gamma }} = \left [ \widehat {\gamma }_{n,1}, \ldots , \widehat {\gamma }_{n,N^\texttt {pt}} \right ]^\top .\end {equation*}


$\mathbf {U}_n$


$n=1,\ldots ,N$


$\mathbf {u}_n$


\begin {equation*}\mathbf {U}_n = \left [ (\mathbf {u}_n)_{1,x}, (\mathbf {u}_n)_{1,y}, (\mathbf {u}_n)_{1,z}, \ldots , (\mathbf {u}_n)_{N^\texttt {node},x}, (\mathbf {u}_n)_{N^\texttt {node},y}, (\mathbf {u}_n)_{N^\texttt {node},z} \right ]^\top \end {equation*}


$x$


$y$


$z$


$(\mathbf {u}_n)_j$


$j=1,\ldots ,N^\texttt {node}$


$N^\texttt {node}$


$\overline {\boldsymbol {\rho }}$


$\overline {\boldsymbol {\xi }}_1, \ldots , \overline {\boldsymbol {\xi }}_{N^\texttt {mat}}$


$\mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}$


$\mathbf {V}_n^{\overline {\boldsymbol {\beta }}}$


$\mathbf {V}_n^\alpha $


$\mathbf {V}_n^{\widehat {\gamma }}$


$\mathbf {U}_n$


$\mathbf {R}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}}$


$\mathbf {R}_{n+1}^{\overline {\boldsymbol {\beta }}}$


$\mathbf {R}_{n+1}^{\alpha }$


$\mathbf {R}_{n+1}^{\widehat {\gamma }}$


$\mathbf {R}_{n+1}^\mathbf {u}$


\begin {equation*}\mathcal {F}(\overline {\boldsymbol {\rho }}, \overline {\boldsymbol {\xi }}_1, \ldots , \overline {\boldsymbol {\xi }}_{N^\texttt {mat}}; \mathbf {V}_1^{\overline {\mathbf {b}}^\texttt {e}}, \ldots , \mathbf {V}_N^{\overline {\mathbf {b}}^\texttt {e}}; \mathbf {V}_1^{\overline {\boldsymbol {\beta }}}, \ldots , \mathbf {V}_N^{\overline {\boldsymbol {\beta }}}; \mathbf {V}_1^\alpha , \ldots , \mathbf {V}_N^\alpha ; \mathbf {V}_1^{\widehat {\gamma }}, \ldots , \mathbf {V}_N^{\widehat {\gamma }}; \mathbf {U}_1, \ldots , \mathbf {U}_N)\end {equation*}


\begin {equation*}\widehat {\mathcal {F}} = \mathcal {F} + \sum _{n=1}^N \left ( \boldsymbol {\lambda }_n^{\overline {\mathbf {b}}^\texttt {e}} \cdot \mathbf {R}_n^{\overline {\mathbf {b}}^\texttt {e}} + \boldsymbol {\lambda }_n^{\overline {\boldsymbol {\beta }}} \cdot \mathbf {R}_n^{\overline {\boldsymbol {\beta }}} + \boldsymbol {\lambda }_n^\alpha \cdot \mathbf {R}_n^\alpha + \boldsymbol {\lambda }_n^{\widehat {\gamma }} \cdot \mathbf {R}_n^{\widehat {\gamma }} + \boldsymbol {\lambda }_n^\mathbf {u} \cdot \mathbf {R}_n^\mathbf {u} \right ) = \mathcal {F} + \sum _{n=1}^N \boldsymbol {\lambda }_n \cdot \mathbf {R}_n,\end {equation*}


\begin {equation*}\boldsymbol {\lambda }_n = \left [ \left ( \boldsymbol {\lambda }_n^{\overline {\mathbf {b}}^\texttt {e}} \right )^\top , \left ( \boldsymbol {\lambda }_n^{\overline {\boldsymbol {\beta }}} \right )^\top , \left ( \boldsymbol {\lambda }_n^\alpha \right )^\top , \left ( \boldsymbol {\lambda }_n^{\widehat {\gamma }} \right )^\top , \left ( \boldsymbol {\lambda }_n^\mathbf {u} \right )^\top \right ]^\top \quad \text {for} \quad n = 1,\ldots ,N\end {equation*}


\begin {equation*}\mathbf {R}_n = \left [ \left ( \mathbf {R}_n^{\overline {\mathbf {b}}^\texttt {e}} \right )^\top , \left ( \mathbf {R}_n^{\overline {\boldsymbol {\beta }}} \right )^\top , \left ( \mathbf {R}_n^\alpha \right )^\top , \left ( \mathbf {R}_n^{\widehat {\gamma }} \right )^\top , \left ( \mathbf {R}_n^\mathbf {u} \right )^\top \right ]^\top \quad \text {for} \quad n = 1,\ldots ,N.\end {equation*}


$\boldsymbol {\lambda }_n^{\overline {\mathbf {b}}^\texttt {e}}$


$\boldsymbol {\lambda }_n^{\overline {\boldsymbol {\beta }}}$


$\boldsymbol {\lambda }_n^\alpha $


$\boldsymbol {\lambda }_n^{\widehat {\gamma }}$


$\boldsymbol {\lambda }_n^\mathbf {u}$


$n=1,\ldots ,N$


$\widehat {\mathcal {F}}$


$\overline {\boldsymbol {\zeta }} \in \{ \overline {\boldsymbol {\rho }}, \overline {\boldsymbol {\xi }}_1, \ldots , \overline {\boldsymbol {\xi }}_{N^\texttt {mat}} \}$


\begin {equation*}\dfrac {\text {d} \widehat {\mathcal {F}}}{\text {d} \overline {\boldsymbol {\zeta }}} = \dfrac {\partial \mathcal {F}}{\partial \overline {\boldsymbol {\zeta }}} + \sum _{n=1}^N \left ( \dfrac {\partial \mathbf {V}_n}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_n} + \sum _{n=1}^N \left [ \left ( \dfrac {\partial \mathbf {R}_n}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top + \left ( \dfrac {\partial \mathbf {V}_{n-1}}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top \left ( \dfrac {\partial \mathbf {R}_n}{\partial \mathbf {V}_{n-1}} \right )^\top + \left ( \dfrac {\partial \mathbf {V}_n}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top \left ( \dfrac {\partial \mathbf {R}_n}{\partial \mathbf {V}_n} \right )^\top \right ] \boldsymbol {\lambda }_n.\end {equation*}


\begin {equation*}\mathbf {V}_n = \left [ \left ( \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}} \right )^\top , \left ( \mathbf {V}_n^{\overline {\boldsymbol {\beta }}} \right )^\top , \left ( \mathbf {V}_n^\alpha \right )^\top , \left ( \mathbf {V}_n^{\widehat {\gamma }} \right )^\top , \left ( \mathbf {U}_n \right )^\top \right ]^\top \quad \text {for} \quad n = 0,\ldots ,N,\end {equation*}


$\mathbf {V}_0$


$\text {d} \widehat {\mathcal {F}}/\text {d} \overline {\boldsymbol {\zeta }}$


\begin {equation}\label {Regrouping Terms for Sensitivity} \begin {array}{ll} \dfrac {\text {d} \widehat {\mathcal {F}}}{\text {d} \overline {\boldsymbol {\zeta }}} = &\displaystyle \dfrac {\partial \mathcal {F}}{\partial \overline {\boldsymbol {\zeta }}} + \sum _{n=1}^N \left ( \dfrac {\partial \mathbf {R}_n}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top \boldsymbol {\lambda }_n + \sum _{n=1}^{N-1} \left ( \dfrac {\partial \mathbf {V}_n}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top \left [ \left ( \dfrac {\partial \mathbf {R}_n}{\partial \mathbf {V}_n} \right )^\top \boldsymbol {\lambda }_n + \left ( \dfrac {\partial \mathbf {R}_{n+1}}{\partial \mathbf {V}_n} \right )^\top \boldsymbol {\lambda }_{n+1} + \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_n} \right ] \\[15pt] &+ \displaystyle \left ( \dfrac {\partial \mathbf {V}_N}{\partial \overline {\boldsymbol {\zeta }}} \right )^\top \left [ \left ( \dfrac {\partial \mathbf {R}_N}{\partial \mathbf {V}_N} \right )^\top \boldsymbol {\lambda }_N + \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_N} \right ], \end {array}\end {equation}


$\partial \mathbf {V}_0/\partial \overline {\boldsymbol {\zeta }} = \mathbf {0}$


$\boldsymbol {\lambda }_1, \ldots , \boldsymbol {\lambda }_N$


$\partial \mathbf {V}_n/\partial \overline {\boldsymbol {\zeta }} = \mathbf {0}$


$n = 1,\ldots ,N$


\begin {equation}\label {Adjoint Equations} \left \{ \begin {array}{l} \left ( \dfrac {\partial \mathbf {R}_n}{\partial \mathbf {V}_n} \right )^\top \boldsymbol {\lambda }_n + \left ( \dfrac {\partial \mathbf {R}_{n+1}}{\partial \mathbf {V}_n} \right )^\top \boldsymbol {\lambda }_{n+1} = - \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_n} \quad \text {for} \quad n = 1,\ldots ,N-1, \\[12pt] \left ( \dfrac {\partial \mathbf {R}_N}{\partial \mathbf {V}_N} \right )^\top \boldsymbol {\lambda }_N = - \dfrac {\partial \mathcal {F}}{\partial \mathbf {V}_N}, \end {array} \right .\end {equation}


\begin {equation*}\dfrac {\partial \mathbf {R}_n}{\partial \mathbf {V}_n} = \left [ \begin {array}{ccccc} \mathbf {I} & \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_n^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} & \dfrac {\partial \mathbf {R}_n^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {U}_n} \\[12pt] \mathbf {0} & \mathbf {I} & \mathbf {0} & \dfrac {\partial \mathbf {R}_n^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} & \dfrac {\partial \mathbf {R}_n^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {U}_n} \\[12pt] \mathbf {0} & \mathbf {0} & \mathbf {I} & \dfrac {\partial \mathbf {R}_n^\alpha }{\partial \mathbf {V}_n^{\widehat {\gamma }}} & \mathbf {0} \\[12pt] \mathbf {0} & \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_n^{\widehat {\gamma }}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} & \dfrac {\partial \mathbf {R}_n^{\widehat {\gamma }}}{\partial \mathbf {U}_n} \\[12pt] \mathbf {0} & \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_n^\mathbf {u}}{\partial \mathbf {V}_n^{\widehat {\gamma }}} & \dfrac {\partial \mathbf {R}_n^\mathbf {u}}{\partial \mathbf {U}_n} \end {array} \right ] \quad \text {and} \quad \dfrac {\partial \mathbf {R}_{n+1}}{\partial \mathbf {V}_n} = \left [ \begin {array}{ccccc} \dfrac {\partial \mathbf {R}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}} & \dfrac {\partial \mathbf {R}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}} & \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_{n+1}^{\overline {\mathbf {b}}^\texttt {e}}}{\partial \mathbf {U}_n} \\[12pt] \dfrac {\partial \mathbf {R}_{n+1}^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}} & \dfrac {\partial \mathbf {R}_{n+1}^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}} & \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_{n+1}^{\overline {\boldsymbol {\beta }}}}{\partial \mathbf {U}_n} \\[12pt] \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_{n+1}^\alpha }{\partial \mathbf {V}_n^\alpha } & \mathbf {0} & \mathbf {0} \\[12pt] \dfrac {\partial \mathbf {R}_{n+1}^{\widehat {\gamma }}}{\partial \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}} & \dfrac {\partial \mathbf {R}_{n+1}^{\widehat {\gamma }}}{\partial \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}} & \dfrac {\partial \mathbf {R}_{n+1}^{\widehat {\gamma }}}{\partial \mathbf {V}_n^\alpha } & \mathbf {0} & \dfrac {\partial \mathbf {R}_{n+1}^{\widehat {\gamma }}}{\partial \mathbf {U}_n} \\[12pt] \dfrac {\partial \mathbf {R}_{n+1}^\mathbf {u}}{\partial \mathbf {V}_n^{\overline {\mathbf {b}}^\texttt {e}}} & \dfrac {\partial \mathbf {R}_{n+1}^\mathbf {u}}{\partial \mathbf {V}_n^{\overline {\boldsymbol {\beta }}}} & \mathbf {0} & \mathbf {0} & \dfrac {\partial \mathbf {R}_{n+1}^\mathbf {u}}{\partial \mathbf {U}_n} \end {array} \right ].\end {equation*}
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the formation of desired geometries and the dissipation of energy. In addition, plasticity is an inherently complex behavior, involving
history-dependent stress—strain responses, material hardening, and large deformations that interact across multiple scales. Thus, there
is a need for innovative methods to design and control plasticity at will.

To harness material plasticity, topology optimization [2-4] as a form of computational morphogenesis offers great promise. This
approach strategically distributes limited materials to optimize structural responses under given constraints. Therefore, it is naturally
suited for controlling mechanical responses such as displacement fields [5,6], stress distributions [7], and fracture nucleation and
propagation [8].

In light of its potential for controlling mechanical responses, topology optimization has recently achieved notable progress in
tailoring plastic behaviors under the assumption of infinitesimal strains. For instance, employing a single material type with restricted
usage, researchers have shown success in limiting plastic yielding [9-11], maximizing end compliance/force [12,13], and maximizing
energy [14-20]. Furthermore, studies have explored maximizing both compliance and energy [21] and fitting target stress—strain
responses [22]. Beyond single-material strategies, Nakshatrala and Tortorelli [23] minimized energy propagation by filling distinct
materials into fixed geometries, while Li et al. [24] optimized end force in similar setups.

Despite these significant advances in controlling structural plasticity under small deformations, optimizing finite strain plastic
responses remains in its infancy. Only a few pioneering studies have tackled this challenge in the past decade. For example, Wallin
et al.[25] and Ivarsson et al.[26] focused on optimizing structural geometries to improve system energy by specifying a single
candidate material. Similarly, Ivarsson et al. [27] maximized compliance while constraining plastic work through single-material
topology optimization. In addition, Alberdi and Khandelwal [28] employed two candidate materials in fixed geometries to maximize
plastic work. More recently, Han et al. [29] separately optimized structural geometries and material phases in different design cases
to enhance stiffness and plastic hardening.

In addition to the aforementioned studies on monoscale structural design, research on topology optimization of multiscale elasto-
plastic metamaterials has emerged in recent years. Following the mainstream approach, which uses both finite element method
[30,31] and the gradient-based MMA optimizer [32], Carstensen et al. [33] maximized the energy absorption of metamaterials under
small deformations subject to a material usage constraint. Ivarsson et al. [34] further extended the framework to maximize finite strain
viscoplastic energy while imposing constraints on transverse displacement/strain and material usage. Departing from this mainstream
paradigm, Zeng et al. [35] developed an inverse design methodology where metamaterials were tailored to match target stress—strain
curves, with design variables updated via a non-gradient-based genetic algorithm. More recently, Zhao et al. [36] optimized the en-
ergy absorption of lattice metamaterials via a pre-trained convolutional neural network capable of predicting stress—strain responses
from input lattice geometries. All of these studies focus on single-material designs, which agree well with the main approaches to the
elastic design of metamaterials and multiscale structures [37].

A review of past efforts highlights a key limitation: most studies either optimize structural geometries while fixing material types or
optimize material phases while fixing structural geometries. To fully leverage topology optimization’s potential and further improve
structural performance, simultaneous optimization of structural geometries and material phases is desired. Such an approach would
enable the creation of free-form, multimaterial structures with optimized plastic responses. Recently, Jia et al. [38] pursued this goal
and demonstrated preliminary success for infinitesimal strain plasticity; however, simultaneous optimization for finite strain plasticity
remains under-explored.

In this study, we propose a multimaterial topology optimization framework for finite strain elastoplasticity. As illustrated in
Fig. 1(a), our goal is to concurrently optimize structural geometries and material phases to maximize stiffness, strength (end force), and
toughness (total energy) of structures undergoing finite strain plasticity. To achieve this goal, we present a multimaterial optimization
approach in Fig. 1(b), which addresses two major challenges, accurate prediction of finite strain elastoplastic responses and path-
dependent sensitivity analysis. To precisely predict plastic behaviors, we adopt a rigorous mechanics-based elastoplasticity theory
from Simo [39,40], which accounts for large deformations. We further adapt it to enforce isochoric plastic flow, accommodating a
wide range of plastic materials including metals. To handle the path-dependent sensitivity analysis necessary for updating design
variables, we employ the reversed adjoint method [38,41] to address history dependency and leverage automatic differentiation to
effortlessly compute the required partial derivatives. By resolving these challenges, the framework establishes a closed-loop process
that enables the creation of freeform, multimaterial optimized elastoplastic structures.

Based on the proposed framework, we optimize a spectrum of representative multimaterial elastoplastic structures with real-world
applications (Fig. 1(c)) and uncover the mechanisms behind their optimized behaviors. For example, we design two-dimensional
(2D) metallic yielding dampers with maximized energy dissipation for vibration mitigation under cyclic loadings, revealing a shift
in dominance from kinematic to isotropic hardening as displacement amplitudes increase. We also explore the synergistic use of
hyperelastic and elastoplastic materials to achieve various stiffness—strength balances in load-carrying beams. Extending the design
to three dimensions (3D), we maximize the crashworthiness of impact-resisting bumpers, uncovering the formation of X-shaped
structures in the middle to shorten the load path and enhance elastic energy absorption, as well as twisted regions aside to concentrate
stress and increase plastic energy dissipation. Finally, we present optimized cold working profiled sheets undergoing ultra-large plastic
deformations, demonstrating the simultaneous optimization of metal-forming and load-carrying stages while incorporating practical
constraints such as cost, lightweight, and sustainability [42].

The optimized designs showcase the effectiveness of the proposed framework in freely controlling elastoplastic responses
under large deformations in 2D and 3D, across different material types (elastic/plastic/mixed), various hardening behaviors
(perfect/isotropic/kinematic/combined and linear/nonlinear), and arbitrary numbers of candidate materials (single-material/bi-
material/multimaterial). Ultimately, the framework can provide a systematic tool for designing the next generation of multimaterial
elastoplastic structures.
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Fig. 1. Multimaterial and multi-objective topology optimization for finite strain elastoplasticity. (a) Optimization setups. (b) Multimaterial topology
optimization framework. The variable J? is the determinant of the plastic part of the deformation gradient. (c) Optimized elastoplastic designs with
diverse real-world applications.
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Compared to our previous work [38], we list the following aspects to highlight the novelty of the present study:

The current design framework accommodates finite strain elasticity and plasticity, allowing for nonlinear isotropic hardening
functions. In this setting, the consistency parameter generally lacks a closed-form solution and requires nested Newton itera-
tions for convergence (Algorithms 1-2). By contrast, the previous framework in Jia et al. [38] was limited to infinitesimal strain
elastoplasticity with linear isotropic hardening.

Combining finite strain elastoplasticity with classical topology optimization for linear elastic stiffness maximization introduces
challenges absent in both the individual analyses and the infinitesimal strain framework. For example, it is necessary to define
the interpolation rules in (33) to obtain the elastoplastic material constants and functions for various combinations of structural
geometries and material phases. Moreover, to prevent excessive distortion of void materials while maintaining overall simulation
accuracy, we need to interpolate the first Piola—Kirchhoff stress in (34) and the first elastoplastic moduli in (35) between linear
elastic void materials and hyperelasto-plastic solid materials.

The current framework supports more general design setups. For instance, it enables cyclic loading simulations for metallic yielding
dampers (Section 4.1) that involve a large number of load steps (Fig. E.2(a)), whereas the previous study [38] considered only
monotonic loadings. It also introduces the combined use of hyperelastic and elastoplastic materials to balance structural stiffness
and peak force (Section 4.2). In addition, the framework incorporates multi-stage topology optimization, allowing both the metal-

3
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forming and load-carrying stages of profiled sheets (Section 4.4) to be considered, while integrating practical constraints such as
cost, weight, and CO, footprint into the mechanical design process.

(d) Following the previous lines, the nested Newton iterations and a large number of load steps required for finite strain elastoplasticity
optimization impose a significantly higher computational cost especially for 3D designs (Sections 4.3 and 4.4). To address this
challenge, we derive the necessary weak forms (rather than the more cumbersome matrix forms) in Section 2 and leverage parallel
computing capabilities provided by the modern open-source software FEniCSx [43].

(e) The complex examples in this study yield new mechanical insights into elastoplastic design optimization. For example, the metallic
yielding dampers in Section 4.1 exhibit a transition from kinematic-hardening dominance to isotropic-hardening dominance, en-
hancing energy dissipation as applied displacements increase. Additionally, the front bumper example in Section 4.3 demonstrates
that forming twisted regions for stress concentration, overlaid with lower-strength material, can maximize energy absorption.

The remaining parts of this study are organized as follows. Section 2 recaps the finite strain elastoplasticity theory presented in
Simo [39,40], with additional emphasis on enforcing isochoric plastic flow. Building on this theory, Section 3 introduces the proposed
multimaterial topology optimization framework for tailoring structural elastoplastic responses. To demonstrate the framework’s ef-
fectiveness, Section 4 presents a broad spectrum of optimized elastoplastic designs with real-world applications. Finally, Section 5
provides concluding remarks.

This study is further supplemented by seven appendices. Appendix A derives the proposed updating formulae for the internal
variable to ensure isochoric plastic flow. Appendix B provides the computational procedures necessary to implement the finite strain
elastoplasticity theory outlined in Section 2. Appendix C presents the derivation of the second elastoplastic moduli, a key component
of the elastoplasticity theory for a quadratic convergence rate. Appendix D verifies the accuracy of the elastoplasticity theory and
implementation by comparing it to analytical solutions. Appendix E investigates the convergence, precision, and computational time
of the finite element analysis (FEA). Appendix F details the derivation and verification of the path-dependent sensitivity analysis.
Finally, Appendix G examines the consistency of elastoplastic responses across various mesh and finite element combinations for the
optimized designs.

2. Finite strain elastoplasticity: Theory and implementation

In this section, we provide a recap of the finite strain elastoplasticity theory from Simo [39,40] and outline its numerical imple-
mentation. We begin with an overview of the fundamentals of finite strain deformation and strain tensors, followed by a presentation
of the local governing equations. Lastly, we introduce the global governing equations for finite strain elastoplasticity. The detailed
explanations are presented below.

2.1. Prerequisites: Finite strain deformation and strain tensors

We consider an open bounded domain (Q, C R?) occupied by a piece of undeformed material. For any material point X € Q,
we define its displacement field as u(X) and the total deformation gradient as F(X) = I+ Vu(X). We also define the left and right
Cauchy-Green deformation tensors as

bX) = FX)F'(X) and CX)=F'(X)F(X),
respectively. Additionally, we define the Lagrangian strain tensor as

EX) = %(C -D. @
Based on the multiplicative decomposition, the total deformation gradient can be split as

F(X) = FE(X)FP(X)

where F¢(X) and FP(X) are the elastic and plastic parts of F(X), respectively, with FP corresponding to stress-free plastic deformation.
For later use, we further define the elastic part of b(X) as

be(X) = FE(X)Fe T (X) (2
and the plastic part of C(X) as
CP(X) = FPT(X)FP(X). (3

The relationships among these deformation tensors are illustrated in Fig. 2. At load step n, the undeformed configuration () is
mapped to the intermediate configuration (Z,) through plastic deformation (F} or C%), and further to the deformed configuration
(Q,) via elastic deformation (F¢ or b?). Alternatively, €, can be directly mapped to Q, through the total deformation (F,,). Similarly,
at the next load step n + 1, Q; maps to the intermediate configuration (2, ) through Fz 41 OF Ci +1» and subsequently to the deformed
configuration (Q,, ) via F¢  or b® . Note that Q, can also directly map to Q,,, through F, . Additionally, Q, can be mapped to

n+1 n+l1°
Q,, using the relative deformation gradient expressed as

fn+l = Fn+lF;I .
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Fig. 2. Relationships among the deformation tensors used in the finite strain elastoplasticity theory.

Finally, for later use, we define the volume-preserving parts of these deformation tensors as
F=J7'%F, b =™, and f=J;"1,
and express the determinants as

J =det(F), J¢=det(F°), JP=det(F?), and J,=det(f).

2.2. Local governing equations for finite strain elastoplasticity

In this subsection, we introduce the local governing equations for finite strain elastoplasticity, including the constitutive rela-
tionships, flow rules, hardening laws, and yield conditions. Combining these principles, we conclude with the radial return mapping
scheme, which is employed to determine the elastoplastic response of a material point.

2.2.1. Constitutive relationships
We consider a hyperelastic material with a strain energy density function expressed as
Wb )= U+ WD), 4
which is characterized by separable volumetric (U) and deviatoric %) parts. One classical choice of such function reads as [44]
v =5{ % (@92 =1]=mmse} and W)= E]e®") -3, )

where u and « are the initial shear and bulk moduli, respectively. Based on the strain energy density function in (4), we derive the
Kirchhoff stress tensor as

ow
oFe

PN
T=

FeT =" 4§ = JoU'(JO)L + u dev(b), 6)

where we separate 7 into the volumetric (r’°* = J°U’(J®)I) and deviatoric (8 = u dev(Be)) parts. Finally, we define the net stress
tensor as
E=%—dev(p) with p=J"23p
where g is the back stress tensor triggered by the kinematic hardening of materials.
2.2.2. Flow rules and kinematic hardening laws

After defining the deformation and strain tensors as well as the constitutive relationships, we proceed with the flow rules and
hardening laws. In the context of finite strain elastoplasticity [39,40], we present the flow rules as

uJ"2Bdev(£,b%) = —27yn and tr(£,b°) =0, %)
and Prager—Ziegler-type kinematic hardening laws as

pI P dev(t ) = 2hiin and w(£,p)=0. ®
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Here, h is the kinematic hardening modulus of materials, and y > 0 is a consistency parameter that will be determined later. The
variable n is a unit tensor defined as n = £/||&|| where ||&|| = 4/€ : &. The parameter u is defined as

A=Ti— %tr(ﬁ) with 7= §J"2/3tr(be).
Additionally, the operator £, in (7)-(8) is the Lie time derivative defined as
J
£,T =0, [— * T]
v P ot @*(T)
for a dummy tensor T where ¢ represents the time. The symbols ¢* and ¢, are the pull-back and push-forward operators expressed as
@*(T)=F'"TF T and ¢,(T)=FTF',

respectively.

2.2.3. Yield criterion and isotropic hardening laws
To account for the yielding of materials, we adopt the classical von Mises yield criterion defined as

fEa) = lIE] - \/gkw) <0 ©)

where f(&, ) < 0 represents that the material deforms elastically, and f (&, «) = 0 denotes the onset of yielding. To enforce the yield
criterion of f(&,a) <0, we apply the Kuhn-Tucker conditions expressed as

y>0 and yf(&a)=0. (10)
In the above expressions, the non-decreasing variable « is the equivalent plastic strain, whose evolution is governed by [39,40]

oa 2

Ja _ [2 11

o 37 (1)
The function k(a) in (9) determines the radius of the yield surface and characterizes the isotropic hardening of materials, which can

follow either a linear or nonlinear form. For linear isotropic hardening, we set
k(z) =0, + Ka (12)

where o, is the initial yield strength of the material, and K is the isotropic hardening modulus. For nonlinear isotropic hardening,
we adopt a classical expression as [40]

k(@) =0, + Ka+ (0, — 0,)(1 — ™) (13)

where o, is the residual yield strength, and 6 > 0 is a saturation exponent.

2.2.4. Radial return mapping scheme

In previous discussions, we have established the constitutive relationship in (6), flow rules in (7), kinematic hardening laws in (8),
yield criterion in (9), Kuhn-Tucker conditions in (10), the evolution of the equivalent plastic strain in (11), and isotropic hardening
laws in (12)-(13). A collection of these requirements fully governs the finite strain elastoplastic responses of any material point
X € Q. To reconcile these governing equations and solve for the material elastoplastic responses, we adopt a canonical radial return
mapping scheme [45,46] as follows.

Applying a backward Euler difference scheme to the above local governing equations, we derive their time-discretized versions as

e = T 2. — - T 2hh, .
bn+1 = fn-H ntn+l P V1Mt ﬂn+1 = fn+]ﬁnf,,+1 + 3u Yne1Myp1s

2 A ~ —e ~ —
Ay = &, + \/gyn-H’ Spt1 = H deV(an )’ Enr1 =Spp1 — dev(ﬁn+1),

— M, (e = — 1, (=
n, = €n+1/”§n+l ”’ Hut1 = gtr<bn+l )’ Hn+1 = Hpy1 — §tr(ﬂn+l>’

2 ~ ~
fn+1 = ”§n+1 ” - Ek(an+1) < O’ n+1 > 0’ }/n+1fn+] =0.

14

In these expressions, we recall that f, , =F,, IF;‘ is the relative deformation gradient between load steps n and n + 1, and f,, =

@ nf . l)‘1/ 3f,,, is its volume-preserving part with J r{ .1 = det(f, ;). The variable 7, is shorted for Aty,., and At is the time interval.

Remark 1. For the derivation of l_): +1 and ., in (14) and all subsequent analyses, we adopt the assumption of isochoric plastic flow
Jr=17 f .1 = ). This assumption is commonly accepted and even required [47-50] for many elastoplastic materials such as metals, and it
implies that the volume of the material does not change during plastic deformation.

6
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To solve (14) with given Ej, B,» a,, F,, and F,, |, we temporarily assume no new plastic flow (7, , = 0) and define the trial variables
as

—e,tr - —tr - — =T tr

b, = frt+lbnfn+1’ By =tuniBuf 1 *p = o

Str P tr _ i tr tr

o= nde(B). g s —dev(B ) min = £ /S as)

—tr M —e,tr —=tr —tr 1 —tr tr 2
i = (o) T = - (B, m—uénﬂu—\@k(a::l)-

Next, we correct 8, and a,,; with

—tr
— w2k, 2.
ﬁn+1 = ﬂn+1 + 3—”:yn+lnn+l and Upy1 = a;il + §yn+l (16)

based on (14),; and Proposition 1 and correct b... based on (A.6) derived in Appendix A.

n+1
Proposition 1. The variables i and ﬁ satisfy p,., = ﬁ;:l and ﬁn 1= ﬁ::l, respectively.
Proof. Applying the backward Euler difference on (7), derives

0 =tr[F,,, (F,! b2, F. [ —F,'b2F, " )F | =tr(b2, ) —tr(f,, ,bE] ).

n+1"n+1" ntl non+l
Note that
J3 — 2/3 _5°
n+l b3+1 (‘Ie 1) / b:+1 _bn+
and
-2/3 T f 2/3 - —e,tr
Jﬂ+1 f""Hbifn+l (Jn+l J:) f""anfn+l = f"+lbnfn+l b

We then prove
—e —e,tr _ U M e, tr —t
tr(bn+l) = tr(hn+1 > = Mg = 3tr(bn+l) gtr<bn+l ) = ﬂn:—l'
Similarly, applying the backward Euler difference on (8), derives
— —tr
tr(ﬂn+l) = tr(fn+1ﬁnf;,r+1) = tr(ﬁn+l) = tr(ﬁ,,_'_l),
and we prove
= 1, [5tr —=tr
Hpt1 = Mn+] (ﬁn+1) n:—I gtr<ﬁn+l) = ”n+1'
O

We emphasize that the updating formulae in (16) and (A.6) are fully explicit up to the unit tensor (n, ;) and consistency parameter
(7,4+1), and we proceed to determine them. To derive the unit tensor (n,, ), we utilize (14),, (15),, and (A.6), and yield

—tr

tr = ~
Snyl = H dev(an )= 2y Vnp Mgy = Szil = 2y Vnt 1 M1 a7
by noticing n,,, is deviatoric. Based on (14),, (15),5, and (17), we rewrite (14)5 as
— or —tr h \~
Ensl =Sny1 — dev(ﬁn+1) = 5,,“ =2p, | 1+ z Yn+ 1Myt 1>
which further renders
or —tr h \a
”§n+1 ”nn+1 ||§n+l ||nn+l 2”n+1 1+ z Y+ 1M1

and implies
—tr h \~ tr
1€ Il + 2/4n+1 1+ E Yn+1 = ”§n+l | and n, = n,,+1 (18)

under the assumption of 7 ”n+1 > 0 and due to ||n, || = ||nn+1 || =1.
Finally, to compute the consistency parameter (7, ), we discuss the signs of the trial yield indicator, :L In the case of f;il <o,

—e,tr —t . .
the yield criterion is satisfied (f,,, <0 and 7,,,; = 0) with b: " lr, ﬁni 1» and a7 . We then use them to update the internal variables at
load step n+ 1 as

—e —e,tr tr d or
bn+l = bn+1 ’ ﬂn+1 ﬁ,,.,_]» and a,, =aq, ;.
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In the case of I “ > 0, the yield criterion is violated (f,,; > 0) with bn o ﬁn 41> and azfrl . We need to make them “return” along the
n,, direction w1th a distance determined by 7,., > 0. To figure out 7, ,, we enforce the yield criterion

2 —tr h \~ 2 25 ~
0= foot = Wepll = 2k = I, I - 27 (14 4 Yo - \/;k<a:frl v \@M) = GG 19

based on (16), and (18),. The expression in (19) is an algebraic equation of 7, . For the linear isotropic hardening law in (12), we
analytically solve (19) for 7,,, as

~ 1 h K
Ynel = — 1+§+? |:||§ 1|| \/>(O' +Kan+l :| (20)
My 3” n+l
For the nonlinear hardening law in (13), we adopt Newton’s method to iteratively compute 7, , as
sk+1) _ (k) (k) (k)
yn+1 - yn+1 - ( n+|)/g ( n+1> (21)

with

f (k) _ =t h 2. 2 (k)
g (y"“) = ~2Hp <1 + E) 3k n+1 + §yn+1 >
where (k) is the Newton iteration counter.
After computing the unit tensor (n,, +1) with (18), and the consistency parameter (7,,,) with (20) or (21), we send them back to
(16) and (A.6) for correcting b 1 ﬂn+1, and a,,. This entire prediction—correction procedure forms a closed loop and is typically

referred to as the return mapping scheme for elastoplasticity. For the reader’s convenience, we present the implementation of this
scheme in Algorithm 1 of Appendix B and the relationships between the primary state variables at load steps n and »n + 1 in Fig. 3.

2.3. Global governing equations for finite strain elastoplasticity

We remark again that the return mapping scheme in Section 2.2.4 pertains to the elastoplastic response of a single material point
(X € Q). To predict the elastoplastic response of the entire structure defined on Q,, we derive the global governing equations as
follows.

2.3.1. Stress measures and algorithmic tangent moduli
Substituting (17) into (6) reformulates the Kirchhoff stress tensor (z,,,) at load step n + 1 as
vol r =t
Tutl =Ty T80~ LYTIRY ZR) MNP

Accordingly, we compute the first Piola—Kirchhoff stress tensor (P,, ) as

—T 1 T
P =tuF = (TZL +8.5 - 2"n+1}'n+1“n+1 )F +1 (22)
and the second Piola-Kirchhoff stress tensor (S,, ) as

vol

—tr
sn+1 = (p*(fn+1) = (P*(TnJrl) +@ (sn+l) 2/'{"+17n+1(ﬂ*(nn+1)~ (23)

Based on the second Piola-Kirchhoff stress tensor (S, ), we compute the second algorithmic tangent moduli as

38, Cn}rl, if f:il <0 (7,41 = 0; hyperelastic);
Cn-%—l = = (24)

JE . ~ .
nt1 C:il, if £%, > 0 (7,41 > 0; elastoplastic).

Here, the variable C:}rl is the second elastic moduli given as

el — a(p* (;":n+l)
n+1 aErH—l

- (2;7,,+1—2J+1U )C1+

n+l

Wi -
Ti1 a1 Up )’ = ;*] C..,®C,
25)

2
2o G @ L+ €l @0 ()]
where we define

1 - - -
(I]C’1 )ijkl = z [(Cn+l),k (Cn-:l)jl + (Cn-:l),'[(cn-:l)jk]'

n+l
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The variable Cjil is the second elastoplastic moduli (see Appendix C for derivation) expressed as

CeP —

[

2
-2 [rezpec +c!

=t

—tr T
(2,4n+1 —2¢17,y, = 2, U, )"C;ll [Ty Gy UL, )~

n+1 n+1

3

n+1 n+1

—tr
2”"+1 +

—tr

2C1Mn+l
-1 -1
3 Cn+1 ® Cn+1

2c
® 05|+ S @O Cl + ¢ @0t @)

30 (1) @ 97 (,11) = 2 { @ () @ 0* [devia?, )| + o* [devin?, )| @ o) }

where we define

h
CO=1+§+

tr

€3 =202 .y —

Previous
displacement

(u,)

Previous
deformation
gradient
(F,)

—tr

3l'tn+1

1 h 4. —tr —tr
a I+ E -1 §7n+1||§,,+1||, ey =208, 1I-

—tr
A~

k, _ 2ﬂn+] Yn+1

¢ =

—tr
IE, |

o v

State variables at load step n

(26)

27)

(F,.)

Relative Volume-preserving
deformation relative deformation
gradient gradient
(f,.) (f,.)
Current
deformation
gradient

Current
displacement

1)

(u

Previous Previous Previous
“volume-preserving” volume-preserving equivalent
back stress elastic deformation plastic strain
®,) (b) (a,)
v
Trial “volume- Trial volume- Trial
preserving” preserving equivalent
back stress elastic deformation plastic strain
) (b)) (@)
\ \
Parameter Parameter
B =R By =Bty

Trial net stress

&)

Unit normal of
the trial net stress

(nn+1 = n:ﬂ)

Trial deviatoric

<« Kirchhoff stress

(s:)

Current incremental
consistency
parameter

(#,.1)

Current
“volume-preserving”
back stress

®,.1)

Current
volume-preserving
elastic deformation

(b;.,)

¢V

Current
equivalent
plastic strain

(@)

State variables at load step n+1

Fig. 3. Relationships between the primary state variables at load steps n and n + 1. The dashed arrows signify that 7,,, generally does not admit to
an explicit expression and needs to be numerically solved from (19) with (21).
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By examining the second elastic moduli (CzlF 1) in (25) and elastoplastic moduli (Cjﬁl) in (26), we reformulate the second algorithmic
tangent moduli (C,, ) in (24) into a compact form as
W 2007
Mt €1y — 1
3 + 3 CrH—l ® Cn+1

Cpot = (2ﬁ§+l 20070, = 20, UL, )uC1 |1 G U, —

2
oo +Cl @ere)] +

n+1 n+l

LlorErpec +Cl @ o) (28)

n+1 n+l

Ocy
030" (0,41) ® 9" (0,) = =*{ 9" (,0) @ ¢ [devinZ, )] + ¢* [devin, D] @ 9", }
with

f;+r1 +] ftr | 0,if f;il < 0 (hyperelastic);
"2 ntil 1,if f:L > 0 (elastoplastic).

(29)

2.3.2. Governing equations
Based on the stress measures and tangent moduli defined above, we present the global governing equations in an incremental

form as
k) . (k) _ -
/QUVV.C”H. n+1dx_/goqn+1~vdx+/aQN

0

k) .
ey v AX — /Qpijl.wdx,
0

(k) = (k)
su) =, —u?) for XeoQp, (30)

a®+D) = g ® (k) o (k) o
uU=u 106wl for X €Q.

Here, the variable 6u,,, is the incremental displacement field, and v is the test displacement field. The variables q,,, t,;, and u,
are the prescribed body force, traction, and displacement, respectively. The symbol /,,; € (0, 1] represents a line search parameter
such that the updated displacement field reduces the absolute residual (right-hand side of (30),). The superscript (k) of a variable
represents the value evaluated at Newton iteration k. The symbol Q, is the closed bounded domain in its undeformed configuration
with Neumann (aQé‘f ) and Dirichlet (69(1)7) boundaries. The variable @,, 41 is the first algorithmic tangent moduli, which can be
computed from S, in (23) and C,,, in (28) and expressed in indicial notation as

(Cn+l)rjsl = (Fn+l )ri (Fn+l )_vk (CnJrl )ijkl + 5rs(Sn+1 )j/'
After some tensor algebra, we write out the integrand of the left-hand side in (30), as

—tr
. e i g3
Vv:C:Véu= (Zﬁ" —26c,7 —2JU’)(1/)SY“' Sy - —2"3 + @)
_z [tr(‘U')str Y +tr(v)str . —l/] l [tr(-l/)étr . V+tr(v)§tr . ] (31)

—Oc;(n : V)Y : V) — %{(n 2 V)[dev(n?) : U] + [dev(n?) : V] : U)} +(VéuS) : Vv
by defining
U=VéuF' and V=VvF'

where we temporarily drop the subscript n + 1 and superscrlpt (k) for conciseness. We remark that (30) are explicit, linear equations

of 6u(k)l, where all coefficients can be predetermined by bn, B, a,, u,, and u(k) Consequently, we can iteratively compute 5u“‘)

from (30) and update u(k“) until convergence.

For the reader’s convemence, we outline the solution scheme in Algorithm 2 of Appendix B. To enhance the convergence of this
complex elastoplasticity problem, we incorporate an adaptive line search scheme (Algorithm 3 of Appendix B), which iteratively
reduces the line search parameter (lfq’jr)]) until the residual starts to decrease. Furthermore, we employ an adaptive loading scheme
(Algorithm 4 of Appendix B) that dynamically adjusts the applied boundary values (g, t, and 1) in cases where Newton iterations
diverge occasionally. With the combination of Algorithms 1-4, we successfully obtain converged FEA solutions for all examples
introduced in Section 4. The convergence, precision, and computational time of FEA for a sample design case are demonstrated in
Appendix E.

3. Topology optimization framework for finite strain elastoplasticity

Built upon the finite strain elastoplasticity theory in Section 2, we now present the topology optimization framework for opti-
mizing elastoplastic structures undergoing large deformations. This framework comprises design space parameterization, material
property interpolation, topology optimization formulation, and sensitivity analysis and verification. This section details the first three
components while the sensitivity analysis and verification are provided in Appendix F.

10
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3.1. Design space parameterization

Before proceeding with topology optimization, one prerequisite is to identify suitable design variables that parameterize the
large design space of structural geometries and material phases. Following the blueprint of topology optimization for infinites-
imal strain elastoplasticity [38], we start by defining one density variable, p(X) : Q, ~ [0,1], and N¢ > 1 material variables,
E(X), £X), ..., Ene(X) 1 Q) [0,1]. To reduce the mesh dependence and avoid the checkerboard patterns of designs, we apply
a linear filter [51] on all design variables and derive their filtered versions as

/ wy (X, X" (XHdxX!
Zx) = =

for ¢ €{pé.&.. . 8ne)
/ w, (X, X")dX’
Q

Here, w,(X,X') = max{0, R, — X = X'||,} is a weighting factor, and R, > 0 is the filter radius.
To promote pure solid—void designs with discrete material interfaces, we further apply a Heaviside projection [3] on the filtered
design variables, 5(X), &(X), £X), ..., Ene(X) @ Qq — [0, 1], and derive their projected versions as

o . tanh(B,6,) + tanh(B, (C(X) - 6,))
"~ tanh(f,6;) + tanh(B, (1 — 0,))

for (e {p.&.&.m Ene ) (32)

where f, is a sharpness parameter, and 6, is the projection threshold. Based on the projected density variable, p(X) : Q, + [0, 1], we
define the physical density variable as p(X) = p(X) : Q, ~ [0, 1]. Here, p(X) = 1 represents that material point X is occupied by the
solid material, and p(X) = 0 signifies the void.

As for the projected material variables, El X), EZ(X), EN;(X) 1 Qy ~ [0,1], we further apply a modified version of the
hypercube-to-simplex projection [52] as

oN¢ . N¢
5,0 = Y { DNk p, ] [Em(X)Hkm 1|} for n=1.2.....N%,
k=1 m=1
N¢
Enuae (X) = 1 = 'Z,(X),
n=1
to ensure that the summation of the physical material variables, El X), Ez X, ..., E amat(X) 1 Q) — [0, 1], is equal to one (Zf,\':m]at En X)=

1). Here, the parameter N™* = N*¢ + | represents the number of candidate materials. The parameter c;, € {0, 1} is the /th coordinate
component of the kth vertex of a unit hypercube in the N¢-dimensional space. The parameter b, is computed as

C .
e DT RE
by = icu
0, otherwise.

Note that for a material point with p(X) = 1, the expression E,,(X) =1forn=1,2,..., N™"* signifies that material » is used. Conse-
quently, we can use the physical density (p(X)) and material (¢, (X), &,(X), ..., &ymat (X)) variables to describe the structural geometries
and material phases in the design domain (€), respectively.

3.2. Material property interpolation

After design space parameterization, one immediate next step is to interpolate the elasticity- and plasticity-related material con-
stants/functions for various values of physical design variables, p(X) € [0, 1] and En(X) €[0,1] for n=1,2,..., N**, Following Jia
et al. [38], we interpolate the initial bulk modulus («), initial shear modulus (u), isotropic hardening function (k), and kinematic
hardening modulus (k) as

Nmat
TX) = [e, + 1€ X)] Y £ Xz, for € (x.uk.h). (33)
n=1

Here, the variables ¥(X), #(X), k(X), and A(X) are the interpolated material constants/functions. The symbol y, € {«,, u,. k,. h,} for
n=1,2,..., N™" represents the material constant/function of phase n. The parameters p, = p,, py, and p, penalize the intermediate
values of the physical density variable, p(X) € (0, 1), and p; penalizes the intermediate values of the physical material variables,
£,(X) € (0,1) for n=1,2,..., N™*, The parameter & » is a small positive number to prevent the singularity of the stiffness of void
materials.

In addition to the interpolation rules in (33) for material constants/functions, it is essential to interpolate the constitutive laws
across the range of the physical density variable, p € [0, 1]. This consideration arises because many topology optimization problems
involving finite strain analysis [53] encounter divergence in FEA solutions. Such issues are typically caused by the excessive distortion
of elements filled with void materials when subjected to large deformations. To address this challenge, a widely adopted and effective

11
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strategy for hyperelastic designs [54] assumes that void materials exhibit linear elastic behavior while solid materials retain their
hyperelastic characteristics.
In the context of finite strain elastoplasticity, we propose to interpolate the first Piola-Kirchhoff stress tensor as

P(E,F; §) = pP(F) - po* (e(F)) + o (e(F)). (34)
The variable F is the interpolated total deformation gradient defined as

F=F(pu) =1+ ¢Vu = (1 — $)I + ¢F(u)
with

_ tanh(B,0,) + tanh(B,(3" (X) — 0,))
~ 7 tanh(8,8,) + tanh(B,(1 - 6,))

where we assume ¢(X) is element-wise constant and therefore V¢(X) = 0 at the integration points. The parameters f, = 500 and
0, =0.1 are similar to By and 0, in (32), respectively. The variable o' is the infinitesimal stress tensor (associated with W in (4))
expressed as

ol(e) = ¥ tr(e)l + 21 dev(e),
and e is the infinitesimal strain tensor defined as

eF) = %(F+FT) L

Remark 2. The physical meaning of P in (34) merits explicit clarification. For solid materials where p(X) = 1 and therefore ¢(X) = 1, the
variable P reduces to P in (22) for elastoplastic materials exactly. For void materials where p(X) = 0 and therefore ¢(X) = 0, the variable
P reduces to ¢! for linear elastic materials exactly without any large deformations and yield behaviors (as in the air). This linear elasticity
assumption for void materials brings negligible errors (as verified in Appendix G) due to the tiny stiffness of void materials compared to solid
ones.

Corresponding to the interpolated first Piola—Kirchhoff stress (P) in (34), we compute the interpolated first elastoplastic moduli
as

~

= _ 0P oax 21
c aF_¢C(F)+(1 ¢7)C,

where C! represents the tangent moduli of the associated linear elastic material expressed as
— — 1
1 = [
cl= K1®1+2,1(u 31@1).
Consequently, the integrand of the left-hand side of the global incremental equilibrium equation in (30); becomes
Vv : C: Véu=¢?Vv: CF) : Vou+(1-¢?)Vv : C* : Véu. (35)

Note that one can effortlessly compute Vv : @) : vou by replacing F with F in (31). As for the second term in (35), we write out
Vv:C!: Véu= (F— 2?ﬂ>tr(V5u)tr(Vv) +2u(Véu)s™ : Vv.

Finally, substituting the interpolation rules in (33), (34), and (35) into (30) yields the parameterized global equilibrium equations,
from which one can solve for the structural elastoplastic responses with various structural geometries and material phases.

Remark 3. We note that the proposed method in (34) is not the only possible approach for mitigating excessive distortion of void elements.
Interested readers are referred to Scherz et al. [55], which employs a condition-number-based stabilization technique capable of achieving
converged single-material elastoplastic designs under finite deformations.

12
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3.3. Topology optimization formulation

Once deriving the parameterized global equilibrium equations, we can present the topology optimization formulation as

m%ximfize: J(_p,él,...,§Nmat;u],...,uN,b,.. bN,ﬂl,...,ﬁN;a,,...,aN;?l,...,?N);
PsSlsee b NE

1 / _ =
gro = — X)dX -V <0;
YOl Jo,

gV,,=L/ PXE,X)AX -V, <0 for n=1,2,..., N,
1l Jay,

subject to: 4
Nmat

X X)¥,|dX-¥ <0 f Ye{P,M,C
v =gy [, 79 % [Eoow] or We(PM,C); 6

p(X),&,(X), ..., Ene(X) € [0, 1];

Global equilibrium equations in (30) for u, ..., uy;

—e —e
Updating formulae in (A.6) for b, ...,by;
with: _ _
Updating formulae in (16) for g;,..., By and ay, ..., ay;

Algebraic equation in (19) for 7, ..., 7x-

In these expressions, the variable J represents a general objective function to be maximized, with its detailed description to be intro-
duced later. The parameter N represents the maximum load steps in FEA. The constraints g, and g, (n = 1,2, ..., N™*) correspond,
respectively, to the limits on the total material volume fraction (bounded above by ¥ & (0, 1]) and on the volume fraction of material n
(bounded above by } v, e€lo, V]) Additionally, the constraints gp, g,,, and g impose limits on price, mass density, and CO, footprint,
respectively, with P, M, and C representing their respective upper bounds. The parameters P,, M,, and C, denote the price, mass
density, and CO, footprint of material n, respectively.

In this study, we aim to optimize the structural performance metrics of stiffness, strength (end force), and toughness (total energy).
Following the footprint of Jia et al. [8,38], we design a comprehensive multi-objective function for finite strain elastoplasticity as

J= Wstite Jstiff + Wsorce Jforce + wenergyJenergy' (37)

Here, Wgyises Weorces AN Wepergy € [0, 1] are weighting factors subject t0 wgyise + Weorce + W
Jstiff’ Jforce’ and Je

energy = |- The energy-type variables

nergy COTTEspond to stiffness, end force, and total energy, respectively, and are defined as

1 ~ v
Joriss = 5/9 P, VudX, Jiorce :/9 Py : VuydX,
0 0
(38)
onorgy = Z /9 P, +P,_ 1 : (Vu, - Vu,_,)dX.

Recall that u, and lv’ forn=1,2,..., N are the displacement and interpolated first Piola—Kirchhoff stress at load step n, respectively.

The terms Jy;¢e5 Jzorces AN Jepergy in (38) are interpreted as follows.

e The variable J,,;; represents the strain energy at the first load step, where plasticity has not yet evolved. Under displacement
loading, J,,¢¢ is positively correlated with the initial stiffness of the structure. Therefore, maximizing J,.;¢¢ enhances structural
stiffness.

¢ The variable J; ., corresponds to the product of force and displacement at the final load step, also known as the “end compliance”
for hyperelastic structures. Under displacement loading, maximizing J;,. increases the final reaction force.

* Finally, the variable J,,.,,, captures the total energy absorption and dissipation of the structure, equivalent to the area enclosed
by its force-displacement curve.

Remark 4. In the multi-objective function in (37), we opt to use the (interpolated) first Piola—Kirchhoff stress (P) as the primary measure
in contrast to the Kirchhoff stress (7) in Section 2. It is because P is the easiest stress measure [56] to gauge practically. However, we note
that the multi-objective function in (37) is general, and one can effortlessly replace P with any other stress measures if desired.

Remark 5. The proposed topology optimization formulation in (36) equipped with the general multi-objective function in (37) can be
simplified to recover several special cases that have demonstrated success. For example, Setiing W, ;¢ = Wepergy = 0 and w o, = 1 yields
J = Jopce which mainly maximizes the “end compliance” as in Ivarsson et al. [27]. Similarly, setting wg;,¢r = Wopce = 0 aNd Wepepgy = 1

derives J = J which primarily maximizes the energy of structures as in Wallin et al. [25]. Additionally, employing w,,;; =0 and

energy’
Wiorce = Wenergy = 0.5 generates J = 0.5J ¢, +0.5J as in Abueidda et al. [21]. As illustrated in Section 4, utilizing the comprehensive

energy
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Table 1
Material properties used in numerical examples.
Lithium
Titanium Bronze Nickel-chromium  Stainless steel ~ (commercial PCL
Materials (Ti-6A1-4V) (CuSn10) (INCONEL 718) (AISI 316L) purity) (polycaprolactone)
Linear Nonlinear
Perfect isotropic isotropic Kinematic Combined Near
Assumed features plasticity hardening hardening hardening hardening hyperelasticity
Bulk moduli, x (GPa) 115.6 88.9 165.0 141.3 5.8 0.3880
Shear moduli, ¢ (GPa) 41.4 29.6 76.2 76.8 1.8 0.0157
Young’s moduli, E (GPa) 111.0 80.0 198.0 195.0 4.9 0.0466
Poisson’s ratios, v 0.34 0.35 0.30 0.27 0.36 0.48
Kinematic hardening moduli, » (MPa) 0.0 0.0 0.0 1339.1 2.5 0.0
Isotropic hardening moduli, K (MPa) 0.0 952.0 129.0 0.0 2.5 0.0
Initial yield strengths, ¢, (MPa) 853.0 145.0 450.0 226.0 1.0 25.0
Residual yield strengths, o, (MPa) 853.0 145.0 715.0 226.0 1.0 25.0
Saturation exponents, & 0.0 0.0 16.9 0.0 0.0 0.0
450.0 + 129.0a
Isotropic hardening functions, k() (MPa) 853.0 145.0+952.00  +265.0(1 — ¢~16:9) 226.0 1.0 + 2.5« 25.0
Price (USD/kg) 24.4 13.3 25.2 6.6 127.0 6.8
Mass densities (10° kg/m?) 4.4 8.8 8.2 8.0 0.5 1.1
CO, footprint (kg/kg) 40.4 6.0 16.6 7.4 79.6 2.3

multi-objective function in (37) enables the generation of optimized structures exhibiting diverse and tailored elastoplastic responses under large
deformations.

4. Optimized elastoplastic designs with real-world applications

In this section, we present optimized elastoplastic designs with real-world applications through four representative examples.
These examples demonstrate the effectiveness of the proposed multimaterial topology optimization framework (Section 3) in opti-
mizing structural elastoplastic responses under large deformations. Additionally, we provide mechanical insights into achieving these
optimized behaviors.

In the first example (Section 4.1), we optimize the energy dissipation of multi-alloy dampers subjected to various cyclic loadings.
This investigation reveals that employing multiple materials enhances energy dissipation compared to single-material ones under
large deformations. Additionally, we demonstrate the transition from the kinematic hardening dominance to the isotropic hardening
dominance, which improves energy dissipation as applied displacements increase. We also show that optimized dampers exhibit
superior energy dissipation across multiple loading cycles compared to an intuitive design.

In the second example (Section 4.2), we optimize the initial stiffness and end force of double-clamped beams. This example demon-
strates the versatility of the proposed topology optimization framework in handling multiple design objectives for structures made of
purely hyperelastic, purely elastoplastic, and mixed materials. We also explore the synergistic use of hyperelastic and elastoplastic
materials to achieve various stiffness—strength interplays in composite structures.

In the third example (Section 4.3), we maximize the crashworthiness of impact-resisting bumpers. Extending the optimization task
to 3D geometries, we consider scenarios with more than two candidate materials. Through this example, we show that the proposed
optimization framework applies to various spatial dimensions and an arbitrary number of candidate materials.

Finally, in Section 4.4, we optimize the end force of cold working profiled sheets accounting for both the processing (metal-
forming) and service (load-carrying) stages, which involve ultra-large elastoplastic deformations. This example introduces multi-stage
topology optimization, which incorporates both intra-stage and inter-stage history dependencies. Additionally, we integrate practical
constraints — cost, lightweight, and sustainability — into the design and optimization of elastoplastic structures, bridging the gap
between mechanical designs and non-mechanical considerations.

We remark that these examples span a spectrum of material properties, as summarized in Table 1. For most examples, we con-
sistently use titanium, bronze, nickel-chromium, and stainless steel, assumed to exhibit perfect plasticity, linear isotropic hardening,
nonlinear isotropic hardening, and kinematic hardening, respectively. Importantly, these four materials can be joined together us-
ing 3D printing techniques, as reported in Wei et al. [57,58]. In the double-clamped beam example, we utilize elastoplastic lithium,
characterized by combined isotropic and kinematic hardening, alongside hyperelastic PCL, modeled by assigning a sufficiently large
yield strength of ¢, = 25 MPa.

To implement the proposed topology optimization framework, we adapt the open-source software! [59] to incorporate finite strain
elastoplasticity. The software efficiently computes partial derivatives using automatic differentiation and accelerates computations
through parallel processing. To ensure high solution precision, we utilize a direct solver with lower-upper factorization to solve
the global equilibrium equations in (30) and the adjoint equations in (F.4)-(F.5). Additionally, to determine the optimal design
variables, we employ the well-established gradient-based MMA optimizer in Svanberg[32]. This optimizer utilizes the sensitivity

1 Available in GitHub at https://github.com/missionlab/fenitop.
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analysis presented in Appendix F and efficiently updates the design variables until convergence. The optimized elastoplastic structures
and the mechanisms enabling the design objectives are detailed below.

4.1. Metallic yielding dampers with maximized hysteretic energy

4.1.1. Single-alloy versus multi-alloy dampers

In this subsection, we optimize the energy dissipation of metallic dampers [60,61], which are typically used in structural en-
gineering to suppress vibrations induced by earthquakes or winds. Through these optimized dampers, we aim to demonstrate the
effectiveness of the proposed topology optimization framework in optimizing structural elastoplastic responses under large deforma-
tions. Additionally, we highlight the necessity of employing multiple alloys to achieve greater energy dissipation.

To achieve these goals, we revisit the damper optimization problem in Jia et al. [38]. As shown in Fig. 4(a), the design domain is
a rectangle subjected to simple shear loadings under the plane strain condition. We aim to optimally distribute the bronze and steel
materials, whose Kirchhoff stress-Lagrangian strain (r;;—E,;) curves are shown in Fig. 4(b), to maximize the total hysteretic energy
(Fig. 4(c)). Notably, the current setup incorporates non-monotonic, cyclic loadings and accounts for large deformations, representing
a more complex scenario compared to the original problem in Jia et al. [38].

To solve this problem, we employ the following FEA and optimization strategies. The design domain is discretized using a struc-
tured mesh consisting of 15,000 first-order quadrilateral elements. The filter radius is set to R, = 10 mm for { € {p,¢&;, ..., &y ). The
Heaviside sharpness parameter, f;, is initially set to 1 and is doubled every 40 optimization iterations starting from iteration 41, until
it reaches a maximum value of f, = 512. The penalty parameters for the density variable are fixed at p, = p, = p, =3 and p, =2.5,
while the penalty parameter for the material variables, p, starts at 1 and increases by 0.25 every 40 optimization iterations from

iteration 41, up to a maximum of p; = 3. The weighting factors in (37) are set as wgy;5¢ = Weorce = 0 N Wepergy = 1. The constraint

is defined by the total material volume, g, < 0, with an upper bound of V = 0.5. The maximum number of optimization iterations
is set to 500. During the topology optimization process, we use 32 non-uniform load steps in the FEA. Following optimization, we
refine the analysis by using 44 load steps to evaluate the elastoplastic responses of all designs.

The damper designs under half-cycle loadings, along with the hysteretic energy (IT in kN-m), are illustrated in Fig. 4(d). As a base-
line, we include one intuitive composite design that uses the same material volume fraction (V = 0.5) as the three optimized designs.
These optimized designs are tailored for bronze, steel, and multiple materials, respectively. Compared to the intuitive composite
design, the three optimized dampers achieve greater hysteretic energy, with increases of 4.58 %, 3.19 %, and 10.15 %, respectively.
These improvements highlight the effectiveness of the proposed topology optimization framework in enhancing elastoplastic responses
under large deformations. Moreover, the optimized composite design naturally favors the use of two materials and achieves higher
energy dissipation than the two single-material optimized designs. This performance gain aligns with the infinitesimal strain scenario
in Jia et al. [38] and reinforces the benefit of using multiple materials to improve design performance under large deformations.

To understand the performance gains, we present the normalized equivalent plastic strain («/ max(a)) for all dampers in Fig. 4(e).
In the intuitive composite design, plastic strain is confined to the central region, whereas the three optimized designs distribute
plastic deformation more evenly, allowing a greater portion of the material to effectively contribute to total energy dissipation.
Further, by examining the Kirchhoff stress-Lagrangian strain (z,,—E|,) curves in Fig. 4(b), we observe that the steel material dissipates
more energy during the first quadrant (loading stage), while the bronze material dissipates more energy during the fourth quadrant
(unloading stage). This difference in energy dissipation between materials is manifested in the dissimilar hysteretic loops of the
force—displacement (F-u) curves for the optimized bronze and steel designs (Fig. 4(f)). In contrast, the optimized composite damper
effectively utilizes both materials to balance energy dissipation during the loading and unloading stages, forming the largest hysteresis
loop, which ultimately results in the highest total energy dissipation shown in Fig. 4(g).

4.1.2. Dampers under complete cyclic loadings with increasing displacement amplitudes

Having demonstrated the effectiveness of the topology optimization framework and the necessity of employing multiple materials,
we now evaluate the performance of optimized composite dampers under complete cyclic loadings with increasing displacement
amplitudes. As shown in Fig. 5(a), we present three optimized dampers with applied displacement amplitudes of u,,, = 10, 20, and
30 mm, respectively. For each optimized damper, we report the total energy (IT) and its increment compared to the intuitive design
in Fig. 4(d). All three optimized dampers demonstrate performance gains — 20.25 %, 17.28 %, and 18.60 %, respectively — relative
to the intuitive design. These gains are attributed to the optimized dampers’ ability to engage more materials in energy dissipation,
as evidenced by the normalized total energy density (W /max(W)) in Fig. 5(c). Notably, these performance improvements exceed
the 10.15 % gain achieved by the optimized composite damper under half-cycle loadings (Fig. 4(d)). This enhanced performance is
due to the full-cycle optimized designs achieving significant energy increases in the second quadrant (reloading stage), despite slight
energy decreases in the first quadrant (loading stage) for u,,, = 20 and 30 mm, as shown in Fig. 5(b) and (c).

A comparison among the three optimized designs in Fig. 5(a) further reveals the influence of displacement amplitude (u,,,) on
material distribution. As displacement amplitudes increase, the optimized dampers increasingly favor the use of bronze over steel.
This trend can be explained by the material behaviors illustrated in the Kirchhoff stress-Lagrangian strain (z;,—E; ) curves in Fig. 4(b).
The steel material, which exhibits kinematic hardening, produces a hysteretic loop approximating a parallelogram. Its total energy
density is expressed as

W*® ~ 46°E (39)

y ~max
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Fig. 4. Design and optimization of metallic yielding dampers. (a) Design setups: the design domain, boundary conditions, and candidate materials
(bronze, steel, and void). The variable u is the applied displacement. (b) Uniaxial Kirchhoff stress-Lagrangian strain (r;,—E,,) curves of candidate
materials. (c) Optimization objective: maximizing the total energy of dampers. The variable F is the reaction force. (d) Intuitive and optimized
dampers. The total energy (IT) is in kN-m. The percentages are the total energy increments compared to the intuitive design. (e¢) Normalized
equivalent plastic strain (a/ max(a)). (f) Force-displacement (F-u) curves. (g) Energy—displacement (IT-u) curves.
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Fig. 5. Optimized dampers under increasing applied displacements. (a) Optimized dampers. The total energy (IT) is in kN-m, and the percentages
are the total energy increments compared to the intuitive design in Fig. 4(d). (b) Force-displacement (F-u) curves. (c) Energy—displacement (IT-u)
curves. The insets are the normalized total energy density (W / max(W)) at the final load step.

where o5 is the yield strength of steel and E,,, is the Lagrangian strain amplitude. In contrast, the hysteretic loop of the bronze
material expands with larger strains due to isotropic hardening, with its total energy density given by
~2E,,, [o;’ +(o°+ 4E§Emax)] = 8EVE2, +40°E,, (40)
where a;’ and E? > 0 are the yield strength and average plastic tangent modulus of bronze, respectively. At small strains, WP is
dominated by the linear term, with W® — 40’; E,ox < WS as E,,, — 0. At larger strains, WP is dominated by the quadratic term, with
— 8E? EnzmIx > W* as E,,, — oo. Consequently, as E,,
steel.

We also note that these findings are specific to the context of large deformations, where both the materials (Fig. 4(b)) and
structures (Fig. 5(b)) yield immediately upon loading. Therefore, the transition from kinematic to isotropic hardening — rather than
the stiffness-to-strength transition observed in the infinitesimal strain scenario [38] — dominates the material distribution in the
optimized dampers.

(and u,,,) increases, the optimized dampers gradually favor bronze over

4.1.3. Dampers under multiple-cycle loadings

Practically, energy-dissipating dampers are subjected to multiple-cycle loadings with non-constant displacement amplitudes [60—
63]. In this subsection, we apply such complex loading conditions and evaluate the total energy of the optimized damper. As shown
in Fig. 6(a), we compare the intuitive design from Fig. 4(d) with a damper optimized under multiple-cycle loadings. The optimized
design exhibits an organic material distribution and achieves a total energy increase of 32.84 %, rising from 4.45kN-m in the intuitive
design to 5.91 kN-m.

The force-displacement (F-u) and energy-displacement (I1-«) curves of the two designs are shown in Fig. 6(b) and (c), respec-
tively. In Fig. 6(b), each force-displacement curve consists of 166 non-uniform load steps and spans three cycles with increasing
displacement amplitudes of 10, 20, and 30 mm. Compared to the intuitive design, the optimized damper demonstrates a slightly
smaller hysteresis loop during the first cycle but more expanded loops in the second and third cycles. Here is why.
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increment compared to the intuitive design. (b) Force-displacement (F-u) curves. The insets are the deformed configurations of the optimized
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visualization.

Based on (39), the total energy densities of steel during the three cycles are expressed as
WP R 400 E|pay, Wy 405 E)py, and WP m 40t Es g,

where W for i = 1,2,3 is the total energy density of steel during cycle i, and E,,,, is the strain amplitude of that cycle. Similarly,
based on (40), the total energy densities of bronze during the three cycles are

Vl/lb ~ 2El,max [6; + (O‘}? + 4E:E1:max)] = 8EEE12,max + 40—;E1,max
wr o~ 2E2,max{(6}f +AEPE )+ [o'; +AEP(E) o + Ezymax)] }

=8EYE]  +400E)pay + 16ELE| oy By oy

t " 2max

W/:;b ~ 2E3,max{ [GB + 4EE(E] ,max + EZ,max)] + [O_;’ + 4E€(E1,max + E2,max + E3,max)] }

= BEE Eimax + 40—; E3,max + 16E€ El,max E3,max + 16E$ EZ,max E3,max

where WP for i=1,2,3 is the total energy density of bronze during cycle i. Given that E, ., < E; ., < E34,,, We observe
WE <W7 <Wy and Wlb < W2b < W3b. This progression indicates that the total energy contributions increase across successive cy-
cles. Consequently, the optimized damper contracts the force-displacement curve and sacrifices the total energy during the first
cycle. However, it compensates by expanding the force-displacement curves and increasing total energy during the second and third
cycles. Eventually, the optimized damper shows greater end energy than the intuitive design (Fig. 6(c)), demonstrating its superior
performance under multiple-cycle loading.

Through this example of optimizing metallic yielding dampers, we numerically prove the effectiveness of the proposed multima-
terial topology optimization framework in enhancing elastoplastic responses of structures under large deformations. Exploiting this
framework, we present a series of optimized dampers with superior energy dissipation compared to an intuitive design, irrespective
of the applied loading conditions, including half-cycle, complete-cycle, and multiple-cycle loadings. Furthermore, we highlight the
necessity of employing multiple materials to improve the energy dissipation of the optimized dampers. Our analysis also reveals key
phenomena, such as the transition from kinematic to isotropic hardening under complete-cycle loadings with increasing displace-
ment amplitudes and the dominance of later cycles over initial cycles in multiple-cycle loadings. Together with the framework for
infinitesimal strain elastoplasticity in Jia et al. [38], this study completes a comprehensive narrative for optimizing energy-dissipating
devices.

4.2. Hyperelastic—elastoplastic composite structures with tailored stiffness—strength balance

In this example, we design and optimize composite structures composed of both hyperelastic and elastoplastic materials. These op-
timized designs showcase various stiffness—strength interplays by harnessing the complementary properties of elasticity and plasticity.
Additionally, we demonstrate the versatility of the proposed topology optimization framework in optimizing material distributions
across a range of configurations, including purely hyperelastic, purely elastoplastic, and mixed-material systems.
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Fig. 7. Design and optimization of double-clamped beams. (a) Design setups: the design domain, boundary conditions, and candidate materials
(lithium, PCL, and void). The variable u is the applied displacement. (b) Uniaxial Kirchhoff stress-Lagrangian strain (r,,—E,,) curves of candidate
materials. (c) Optimization objective: maximizing the initial stiffness and end force of beams. The variable F is the reaction force. (d) Designs
and deformations of optimized beams. The deformed configurations also show the elastic/plastic regions. (e) Force-displacement (F-u) curves. (f)
Performance metrics of the initial stiffness and end force. The two metrics are normalized by the maxima of all designs, respectively.

The design setups are shown in Fig. 7(a). We optimize a double-clamped beam, where the top middle edge is subjected to a
downward displacement, u. The design objective is to distribute hyperelastic PCL and elastoplastic lithium, whose Kirchhoff stress—
Lagrangian strain (z;;—E;,) curves are shown in Fig. 7(b), to simultaneously maximize the initial stiffness and end force of the
structures (Fig. 7(c)).

To achieve the design objective, we employ the following FEA and optimization treatments. The design domain is discretized
using a structured mesh of 14,400 first-order quadrilateral elements. The filter radius is set to R, = | mm for the density variable (p)
and R, =3 mm for { € {¢,...,&ye ). The Heaviside sharpness parameter (f;) is initialized at 1 and doubled every 20 optimization
iterations starting from iteration 21 until it reaches a maximum value of , = 512. The penalty parameters for the density variable are
fixed at p, = p, = p, = p, = 3, while the penalty parameter for the material variables (p;) starts at 1 and increases by 0.25 every 20
optimization iterations from iteration 21, up to a maximum of p; = 5. The constraint is defined by the total material volume (g}, < 0)
with an upper bound of ¥ = 0.5. The maximum number of optimization iterations is set to 500. For performance evaluation using
FEA, we consistently apply 18 non-uniform load steps across all designs.

The optimized beams and their deformations are shown in Fig. 7(d). We present four optimized bi-material designs (Dsgs. 2-5)
with decreasing weighting ratios of initial stiffness (w4 s = 0.30, 0.25, 0.20, and 0.05, respectively) and increasing weighting ratios
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of end force (w;,.., = 0.70, 0.75, 0.80, and 0.95, respectively). Additionally, two single-material designs are included as references:
a lithium design (Dsg. 1) optimized for initial stiffness and a PCL design (Dsg. 6) optimized for the end force.

A comparison of Dsgs. 2-5 reveals a gradual shift in material preference as w;¢; decreases and wy,,., increases. The optimized
designs progressively favor the hyperelastic PCL over the elastoplastic lithium. This trend is driven by the inherent properties of the
materials: while metals like lithium are stiffer than polymers like PCL, lithium yields immediately under large deformations, with its
Kirchhoff stress confined by the yield surface (Fig. 7(b) and (d)). In contrast, PCL’s hyperelastic behavior allows its Kirchhoff stress
to increase rapidly under deformation. Consequently, lithium contributes more to stiffness and is preferred when w, ;¢ is larger,
whereas PCL contributes more to the end force and is favored when wy.,, is larger.

These material contributions are further verified by the force-displacement curves in Fig. 7(e). As wg,;¢¢ decreases and we, o
increases from Dsg. 2 to Dsg. 5, the initial stiffness diminishes while the peak force increases due to the greater incorporation
of PCL in the optimized designs. Notably, the stiffness and peak force of the bi-material designs (Dsgs. 2-5) are bounded by the
stiffness of the optimized lithium design (Dsg. 1) and the peak force of the optimized PCL design (Dsg. 6), respectively. Through
these optimized designs, we demonstrate the generality of the proposed framework in optimizing structures composed of hyperelastic
and/or elastoplastic materials under finite deformations. This generality enables tailoring stiffness—strength (end force) interplay for
composite structures (Fig. 7(f)).

4.3. Front bumpers with maximized crashworthiness

In this subsection, we extend the optimization framework to 3D by maximizing the crashworthiness of impact-resisting front
bumpers [64-69] and demonstrate its capability to handle more than two candidate materials.

4.3.1. Bi-material bumpers in 3D

As shown in Fig. 8(a), we consider an arch-shaped design domain with four fixed corners, subjected to quasi-static displacement
loading (u). The design objective is to optimally distribute titanium, bronze, nickel-chromium, and steel, whose Kirchhoff stress—
Lagrangian strain (r;,—E;) curves are shown in Fig. 8(b), to maximize the total energy — encompassing both elastic energy absorption
and plastic energy dissipation — as shown in Fig. 8(c).

We begin by optimizing bi-material (titanium and bronze) bumpers in 3D, and FEA and optimization setups are as follows. The
design domain is discretized using an unstructured mesh consisting of 138,400 first-order hexahedral elements. The filter radius
is set to R, =40 mm for { € {p,&,,..., &y }. The Heaviside sharpness parameter, f;, is initially set to 1 and is doubled every 40
optimization iterations starting from iteration 41 until it reaches a maximum value of §, = 512. The penalty parameters for the
density variable are fixed at p, = p, = p, = 3 and p, = 2.5, while the penalty parameter for the material variables, p;, starts at 1 and
increases by 0.25 every 40 optimization iterations from iteration 41, up to a maximum of p; = 3. The weighting factors in (37) are set

as Wgyis = Wiopce =0 and w = 1. The constraints include the total material volume (g}, < 0) with an upper bound of V = 0.2,

energy
and individual material volumes (g, < 0 and g;, < 0) with upper bounds ¥, = ¥, = 0.1 to account for material availability. The
maximum number of optimization iterations is set to 600. During the topology optimization process, we use 10 uniform load steps in
the FEA. Following optimization, we refine the analysis by using 50 load steps to evaluate the elastoplastic responses of all designs.

The bi-material bumper designs are illustrated in Fig. 8(d). For comparison, we include an intuitive design as a reference, which
shares the same total and individual material volumes as the optimized bumper. The comparison reveals that the optimized design
favors an X-shaped part in the middle, in contrast to the I-shaped structure in the intuitive design. This X-shaped topology shortens
load paths, thereby increasing structural stiffness and enhancing elastic energy absorption. Additionally, compared to the smooth
members of the intuitive design, the optimized bumper features non-smooth, twisted regions that effectively concentrate stress,
promoting localized material yielding and greater plastic energy dissipation.

Beyond the advantageous structural geometries, the optimized bumper also strategically distributes the material phases. By ana-
lyzing the material distribution in Fig. 8(d) alongside the elastic/plastic regions shown in Fig. 8(f), it is evident that the optimized
design positions titanium primarily in elastic regions and bronze in plastic regions. This distribution aligns with the material proper-
ties illustrated in Fig. 8(b). Titanium, with its higher yield strength, remains in the elastic deformation regime, providing substantial
elastic energy absorption. In contrast, bronze, with its lower yield strength, undergoes plastic deformation. Despite its lower initial
strength, bronze exhibits isotropic hardening, allowing its Kirchhoff stress to increase progressively under loading. This behavior
contrasts with the perfect plasticity (no hardening) of titanium, enabling bronze to dissipate certain plastic energy.

The combined effects of tailored structural geometries and material phases contribute to the better performance of the optimized
bumper compared to the intuitive design. As shown in Fig. 8(e), the optimized bumper achieves a 105.41 % increase in total energy
(ID), rising from 1.74 to 3.57 kN-m, and a 129.24 % improvement in end force, increasing from 44.49 to 101.98 kN. These performance
gains are a direct result of the simultaneous optimization of density and material variables enabled by the proposed framework.

4.3.2. Tri-material and four-material bumpers

After demonstrating the effectiveness of the proposed framework in optimizing bi-material bumpers in 3D, we now extend the
approach to optimize bumpers with more than two candidate materials. Specifically, we optimize tri-material bumpers composed of
titanium, bronze, and nickel-chromium. The constraints include the total material volume (g, < 0) with an upper bound of V=02,
and individual material volumes (g,,; <0, g, <0, and g3 < 0) with equal upper bounds of V', =V, =V, =V /3.

The intuitive and optimized tri-material bumper designs are illustrated in Fig. 9(a). Similar to the optimized bi-material design
shown in Fig. 8(d), the optimized tri-material bumper retains the X-shaped structure in the middle, which shortens load paths to
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Fig. 8. Design and optimization of 3D bumpers. (a) Design setups: the design domain, boundary conditions, and candidate materials (titanium,
bronze, nickel-chromium, steel, and void). The variable u is the applied displacement. (b) Uniaxial Kirchhoff stress-Lagrangian strain (z,,—E;;)
curves of candidate materials. (c) Optimization objective: maximizing the total energy. The variable F is the reaction force. (d) Various views of
the intuitive and optimized bi-material bumper designs. (e) Force-displacement (F-u) curves. The force (F) is in kN, and the total energy (II) is in
kN-m. The percentages are the improved values compared to the intuitive design. (f) Elastic/plastic regions in the deformed configuration at the
final load step.

enhance structural stiffness. It also exhibits twisted regions that concentrate on plastic deformation. These features enhance both
elastic energy absorption and plastic energy dissipation, contributing to the lifted force-displacement (F-u) curve in Fig. 9(b) and
energy—displacement (II-u) curve in Fig. 9(c). Ultimately, the optimized design achieves a 159.72% increase in end force and a
160.49 % increase in total energy compared to the intuitive design.

We now optimize a four-material bumper by incorporating steel in addition to titanium, bronze, and nickel-chromium. The
constraints include the total material volume (g}, < 0) with an upper bound of V = 0.2, and individual material volumes (gy <0,
g2 <0, g3 <0, and g4 < 0) with equal upper bounds of V', =V, = V5 = ¥, = 0.05. The intuitive and optimized designs are shown
in Fig. 10(a), which share the same usage for each material. Compared to the intuitive design, the optimized four-material bumper
features a bulky structure in the middle, connected to four twisted regions. This highly non-intuitive configuration strategically
exploits material properties: bulk steel material yields around the displacement loading area, while bronze yields near the fixed ends
(similar to the elastic/plastic distribution shown in Fig. 8(f)), which provide most plastic energy dissipation. Meanwhile, titanium
and nickel-chromium primarily deform elastically (except in the twisted regions) due to their higher yield strengths, which mainly
contribute to elastic energy absorption. Eventually, as shown in Fig. 10(b) and (c), the end force of the optimized bumper increases
by 300.27 % compared to the intuitive design, while the total energy improves by 259.31 %.

Taking a broader view of the optimized bi-material, tri-material, and four-material bumpers, we draw several observations as
follows. First, the proposed topology optimization framework is highly versatile, accommodating a wide range of design problems
involving finite strain elastoplasticity, regardless of dimensionality, material hardening types, or the number of candidate materials.
Second, as the number of materials increases and the design space expands, it is increasingly difficult to create effective elastoplastic
structures based on intuition or experience alone. This is evident from the progressively larger total energy increments achieved by the
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optimized designs compared to the intuitive ones — 105.41 % in the bi-material case, 160.49 % in the tri-material case, and 259.31 %
in the four-material case. In contrast, the proposed topology optimization framework consistently delivers high-performance designs
by leveraging rigorous mechanics-based elastoplastic analysis and gradient-based optimization, effectively navigating the complexities

of large design spaces.
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4.4. Cold working profiled sheets with maximized load-bearing capacity and multiple engineering constraints

In this final example, we highlight the full potential of the proposed framework in optimizing elastoplastic responses involving
ultra-large deformations and complex load histories. Furthermore, we demonstrate the versatility and generality of the framework in
bridging the gap between mechanical design and practical considerations such as cost, lightweight, and sustainability.

4.4.1. Multi-stage topology optimization of profiled sheets

To illustrate the optimization of large elastoplastic deformations and complex load histories, we design profiled sheets as depicted
in Fig. 11. These sheets are manufactured by bending a flat metallic plate at room temperature, a process commonly known as cold
working or metal-forming [70,71]. The resulting corrugated shapes of the profiled sheets provide both mechanical (e.g., increased
area moment of inertia and enhanced material strength due to strain hardening) and non-mechanical (e.g., improved rainwater
drainage and better architectural aesthetics) advantages. These attributes make profiled sheets widely applicable in various domains
[72], such as rooftops and walls in structural engineering.

To design such profiled sheets, we begin with a raw flat sheet, as shown in Fig. 11(a). Our goal is to optimally distribute titanium,
bronze, nickel-chromium, and steel (material properties are provided in Table 1 and Fig. 8(b)) in the processing (metal-forming)
stage while maximizing the end force during the service (load-carrying) stage (Fig. 11(b)).

The processing and service stages of the profiled sheets are detailed in Fig. 11(c). During the processing stage, the flat metallic sheet
is bent along the short edge to achieve the desired corrugated profile. In the service stage, the sheet undergoes bending along its long
edge under new boundary conditions to simulate practical usage. These stages together form the whole-life analysis of the profiled
sheet. Notably, unlike traditional topology optimization problems where design variables and objectives belong to the same stage, in
this case, the design variables (material distribution) are defined in the processing stage, while the design objective (maximizing load-
carrying capacity) belongs to the service stage. Additionally, the irreversible nature of elastoplasticity introduces history dependence
both within each stage (where only boundary values, q, t, and u, are updated) and across the stages (where Dirichlet and Neumann
boundaries, ()Qg and 698‘/ , respectively, are updated).

To address this complex design problem, we propose a multi-stage topology optimization approach. Within each optimization
iteration, boundary conditions are updated to account for different stages of the profiled sheet — process and service stages; or more
precisely, raw, cold-worked, undeformed, and deformed stages in Fig. 11(c). Note that the initial state variables (u, b , g, and «) of
each stage inherit the converged values from the previous stage to capture history dependence. This multi-stage topology optimization
approach is naturally accessible through the proposed framework thanks to the comprehensive history-dependent sensitivity analysis
in Appendix F. Consequently, no modifications to the framework are required, and we proceed directly to solving the design problem
using the following FEA and optimization parameters.

The design domain is discretized using a structured mesh consisting of 28,800 first-order hexahedral elements. The filter radius is
setto R, =20mm for ¢ € {p,&;, ..., &y }. The Heaviside sharpness parameter, f;, is initially set to 1 and doubles every 40 optimization
iterations starting from iteration 41 until it reaches a maximum value of fi; = 256. The penalty parameters for the density variable
are fixed at p, = p, = p, = p; = 3, while the penalty parameter for the material variables, p,, starts at 1 and increases by 0.5 every
60 optimization iterations from iteration 41, up to a maximum of p; = 4. The weighting factors in (37) are set as Wgy;¢ = Wenergy = 0
and w;,,.. = 1. The constraints include the individual material volumes (g, <0, g, <0, g3 <0, and g, < 0) with equal upper
bounds ¥, =V, = V5 = V,, = 0.25 to account for material availability. The maximum number of optimization iterations is set to 400.

During the topology optimization process, 12 non-uniform load steps are used for the processing stage, 16 uniform load steps for
the service stage, and 13 steps for transitioning from the processing to service stages to simulate the removal of support and load
blocks and restore the sheet to a stress-free state. Following optimization, refined analyses are conducted with 40 load steps for the
processing stage, 61 load steps for the service stage, and 13 load steps for the transition stage.

After multi-stage topology optimization, we present the optimized profiled sheet in Fig. 11(d), alongside an intuitive design
with identical material usage for reference. For each design, four snapshots are shown, corresponding to the key stages depicted in
Fig. 11(c). Unlike the serial arrangement of the four candidate materials in the intuitive design, the optimized profiled sheet features
an intertwined material distribution that leverages the complementary properties of the materials shown in Fig. 8(b). Additionally,
both designs exhibit large deformations in two directions, which necessitates the proposed framework to account for finite strain
elastoplasticity — an advancement beyond the reach of the infinitesimal strain version in Jia et al. [38].

The force-displacement (F-u) curves for both processing and service stages are compared in Fig. 11(e). In the processing stage,
the force—displacement curves of the two designs are similar; however, in the service stage, the optimized structure exhibits a force—
displacement curve that surpasses the intuitive design, achieving a 75.56 % increase in the end force. This performance improvement
remarks the effectiveness of the proposed framework in tackling optimization challenges involving large elastoplastic deformations
and multiple stages of loading.

4.4.2. Optimized profiled sheets with practical constraints

Despite the superior mechanical performance of the optimized profiled sheet endowed by the proposed framework, practical
constraints — such as cost, lightweight, and sustainability — typically need to be integrated to create a useful mechanical product
[42]. In this case study, we incorporate these practical constraints into the framework, thereby bridging the gap between elastoplastic
design optimization and broader real-world considerations.

To achieve this goal, we replace the individual material volume constraints (g;,; <0, gy, <0, g3 <0, and g4 < 0) imposed on
the optimized design in Fig. 12(d) with practical constraints on price (gp < 0), mass density (g, < 0), and CO, footprint (g- < 0).
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Fig. 11. Design and optimization of profiled sheets. (a) Design setups: the design domain and candidate materials (titanium, bronze, nickel-
chromium, steel, and void). (b) Optimization objective: maximizing the end force. The variables F and u are the reaction force and applied dis-
placement, respectively. (c) Processing and service stages of profiled sheets. (d) Multi-stage topology optimization of profiled sheets. (e) Force—
displacement (F-u) curves of the two stages.
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(a) Optimized profiled sheets with practical constraints
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Fig. 12. Multi-stage topology optimization of profiled sheets with practical constraints. (a) Optimized profiled sheets with various practical con-
straints. (b) Material usage of the four optimized profiled sheets. (c) Force-displacement (F-u) curves of the service stage. (d) Performance metrics
of the optimized profiled sheets.

These constraints are defined with upper bounds set as the averages of the corresponding properties of the four candidate materials
listed in Table 1: P = 17.31 USD/kg, M = 7,340 kg/m?, and C = 17.64 kg/kg.

Under these updated constraints, we present the optimized profiled sheets in Fig. 12(a). Among the four optimized designs, Dsgs.
1-3 are constrained individually by price, mass density, and CO, footprint, respectively, while Dsg. 4 considers all three constraints
simultaneously. These designs feature distinct material distributions (Fig. 12(a)) and usage patterns (Fig. 12(b)) as follows.

e The price-constrained design (Dsg. 1) primarily incorporates titanium and steel due to their superior initial-strength-to-
price ratios of 34.96 and 34.24 MPa-kg/USD, respectively, compared to bronze (10.90 MPa-kg/USD) and nickel-chromium
(17.86 MPa-kg/USD). A small amount of bronze appears sparingly, likely due to the strength enhancement achieved through
linear isotropic hardening. On the other hand, nickel-chromium usage is minimized due to its highest absolute price.

e The weight-constrained design (Dsg. 2) is overwhelmingly dominated by titanium, a result of its optimal combination of the
highest initial yield strength and the lowest mass density among the four materials.

¢ In contrast, the CO,-constrained design (Dsg. 3) is largely composed of nickel-chromium. This material is favored because of its

medium initial-strength-to-CO, ratio of 27.11 MPa-kg/kg, which lies between the ratios of titanium (21.11 MPa-kg/kg), bronze

(24.17 MPa-kg/kg), and steel (30.54 MPa-kg/kg). Furthermore, with nonlinear isotropic hardening, the strength-to-CO, ratio of

nickel-chromium improves to 43.07 MPa-kg/kg, making it a suitable option.

Finally, the balanced design (Dsg. 4) leverages similar amounts of all four candidate materials. This distribution reflects the fact

that the upper bounds for the price, mass density, and CO, footprint constraints are averages of the properties of all four materials.

As a result, the design naturally balances the contributions of titanium, bronze, nickel-chromium, and steel.
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Remark 6. In addition to the mechanical performance improvements demonstrated in Fig. 4, the incorporation of practical constraints also
leads to the automatic inclusion of multiple materials in the optimized designs. This outcome further shows the necessity of a multimaterial
topology optimization framework.

We assess the performance of these optimized designs in Fig. 12(c) and evaluate their performance metrics in Fig. 12(d). The
load-carrying capacity is measured by the end force of the structures, while economic consideration, lightweight, and sustainability
are quantified as the reciprocals of the price, mass density, and CO, footprint, respectively. All metrics are normalized on a 0-1 scale
for comparative purposes.

Interestingly, all four designs achieve similar load-carrying capacities (Fig. 12(c)). This result highlights the non-convex nature
of the design problem, where multiple local minima exist. Therefore, practical constraints can be incorporated to tailor the non-
mechanical performance of designs without compromising mechanical performance, as illustrated in Fig. 12(d). With this final gen-
eralization of the proposed framework to practical constraints, we conclude all example demonstrations.

5. Concluding remarks

In this study, we introduced the theory, methods, and applications of a multimaterial topology optimization approach for program-
ming elastoplastic responses of structures under large deformations. The framework simultaneously optimizes structural geometries
and material phases, leveraging a mechanics-based finite strain elastoplasticity theory that rigorously ensures isochoric plastic flow.
Furthermore, the framework integrates a comprehensive path-dependent sensitivity analysis using the reversed adjoint method and
automatic differentiation, enabling gradient-based optimization of design variables. We also investigated various design objectives
and practical constraints.

To demonstrate the effectiveness of the proposed framework, we presented four real-world application examples and uncovered
the mechanisms to achieve target behaviors. First, we optimized energy-dissipating dampers, demonstrating the superior energy
dissipation performance of the optimized designs compared to intuitive configurations under various loading conditions, including
half-cycle, full-cycle, and multiple-cycle scenarios. This example also highlighted the transition from kinematic to isotropic hardening
with increasing displacement amplitudes to maximize energy dissipation. Next, we explored the synergistic use of hyperelastic and
elastoplastic materials for achieving diverse stiffness—strength interplays of double-clamped beams, showcasing the framework’s
versatility in handling different material types, including purely hyperelastic, purely elastoplastic, or mixed. In a further example,
we extended the optimization to 3D by designing impact-resistant bumpers, while illustrating the capability to handle more than two
candidate materials. Finally, we demonstrated multi-stage topology optimization for profiled sheets, focusing on maximizing load-
carrying capacity under ultra-large deformations. This example also incorporated practical constraints, including cost, lightweight,
and sustainability, bridging the gap between elastoplastic design and real-world considerations.

Across these examples, the proposed framework demonstrated its ability to optimize stiffness, strength, and toughness in 2D and
3D elastoplastic structures, covering a wide range of material types, hardening behaviors, and numbers of candidate materials. By fully
exploiting the potential of elastoplasticity, this framework represents a step forward in designing the next generation of engineering
structures.

Despite the preliminary success demonstrated in this study, it is important to acknowledge the complexity of the current design
framework, which arises from the employed elastoplasticity theory [39,40]. This theory adopts a non-conventional flow rule and is
more cumbersome to implement than its infinitesimal strain counterpart. We have chosen this theory because it is one of the most
classical approaches and provides a natural starting point for linking elastoplasticity with topology optimization, as in Wallin et al. [25]
and Ivarsson et al. [27]. Nevertheless, more advanced theoretical and algorithmic treatments are available. For instance, replacing the
Lagrangian strain in (1) with the Hencky (logarithmic) strain, E = (In C)/2, as advocated in Weber and Anand [47], Simo [48], Eterovic
and Bathe[73], and de Souza Neto and Perié [74], allows the finite strain theory to retain the simple algorithmic structure of the
infinitesimal formulation [48], provided that elastic strains remain moderately large.

Beyond algorithmic complexity, the present framework is also limited to isotropic materials, again due to the chosen elastoplastic-
ity theory. Extending its applicability to anisotropic materials would require adopting more recent developments such as Vladimirov
et al. [75] and Brepols et al. [76]. Notably, the formulations of Sanz et al. [77], Latorre and Montans [78], and Zhang and Montans [79]
— inspired by one-dimensional rheological models — define flow rules in terms of elastic corrector rates rather than plastic measures
such as CP. By construction, they preserve conventional flow rule structures, satisfy the weak invariance principle [80], and inherit the
computational simplicity of infinitesimal strain elastoplasticity algorithms [81]. They have also been successfully extended to crystal
plasticity [82], and can accommodate anisotropic elasticity and plasticity as well as general strain energy functions. Furthermore, the
absence of back stress in these models facilitates the implementation of nonlinear kinematic hardening and plane-stress-constrained
algorithms [83]. Given these advantages, incorporating such formulations into the present design framework represents a promising
avenue for future research on elastoplastic structures composed of anisotropic materials.
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Appendix A. Updating formulae of b... that enforce the isochoric plastic flow

n+1

In this section, we introduce the updating formulae of b

il that enforce the isochoric plastic flow (J:+1 = 1). We recall the defi-
nitions of bz+| in (2) and CEH in (3) and derive

- P \-1pT
br =F,.(C )7 F, .

The isochoric plastic flow then requires

n+1

P _ -2 -2/3
Ba=l e dadi)=J2, < de (070 b2,

):1 PN det(Be ):1. (A1)

Additionally, we rewrite (14), as

—tr
—e —e,tr 2/4”+1 ~
n+l T P Yn+1Mpp 1

—e
based on Proposition 1. This relationship determines the deviatoric part of b, as
—tr

dev(B:H) = dev(Be'tr) - 2,7;“ Put1 M1 (A.2)

n+l

where we remark n,,; is deviatoric based on its definition in (14)¢. Based on (A.1) and (A.2), the enforcement of the isochoric

plastic flow amounts to identifying the volumetric part of l_)j +1 — or more specifically, its first invariant, 7, = tr(B: +1) — such that
I = det(B: +1) = 1 for given dev(B: +1)- We now determine 7, by extending the analysis in Simo and Miehe [49].
Note that the invariants I;, I5, J,, and J; of a symmetric second-order tensor satisfy
13 1,7
1 1J2
L5 I,=0
773 thh
where J, and J; are defined as
1 —e 2 —e
I = 3 dev(bnﬂ) and J; = det [dev(bn+l)].
Consequently, a necessary condition of I; = det(B: +1) = 1 reads as
P+Pr+Q=0 (A.3)
where
I,
=35>0, P=-7<0 and Q=J-1

Our objective then boils down to compute the positive real root from the depressed cubic equation in (A.3).
Following a standard procedure, we compute the discriminant of (A.3) as

_ 7)3 QZ
A__<27 * 4)

and discuss the solutions of (A.3) based on the sign of A as follows.

27



Y. Jia and X.S. Zhang Computer Methods in Applied Mechanics and Engineering 449 (2026) 118445

e The case of A < 0. The equation in (A.3) has one positive real root and two non-real complex conjugate roots. We should take the
real root as

1/3 1/3
11:<_§+ —A) +<—%—\/_—A> .

e The case of A = 0. The equation in (A.3) has a triple root of zero (when P = 0) or the combination of a simple root of 3Q/P and
a double root of —3Q9/2P (when P < 0). We should take the only positive real root as

- 32 39
tz—max{ > 27)}.

o The case of A > 0. The equation in (A.3) has three distinct real roots expressed in trigonometric forms as

rk=21/—§cos[%arccos<§ —%)—ZICT”] for k=1,2,3. (A.4)

Based on Descartes’ rule of signs, only one solution among r;, r,, and r; is positive when Q < 0, and we should set the solution to
(A.3) as

13 = max{ry,ry, r3}.

Otherwise (Q > 0), two solutions among r;, r,, and r; are positive, and we should select the solution such that l_)i 41 s positive
definite by ensuring

(Bj“ )11 >0 and (B:“ )n (Bj“)zz B (Bz“)lz(B:“ )21 >0 (A.5)

based on the Sylvester’s criterion.

Finally, combining the solutions from all scenarios (A < 0, A =0, and A > 0) — note that Simo and Miehe [49] only consider the
—e
scenario of A < 0 by assuming J, < |1 — J5| — we derive the complete updating formulae of b, ,, as

—e —e 11
b, = dev(le) + ?I;

—tr

ey 2R
dev(Be ) = dev(ge tr) - ;H Pnt 1M1

n+1 n+1

1/3 1/3
Q Q . .
J <—5 + —A> + (—5 - \/—A> , ifA<O; (A.6)
I, max{3—Q,—3—Q}, if A=0;
3= P’ 2p
S, if A > 0 and (A.5) holds with 7, =3S;;
S, otherwise.

Here, we define S| and S, as the largest and second to largest values among r;, r,, and r5.

Note that the updating formulae for E: 1 in (A.6) is different from (14),; as used in Simo[39,40]. It is because the expression
in (14), is a necessary but insufficient condition of the isochoric plastic flow (Jf+l =1). As pointed out in Wang et al. [50] and
demonstrated in Appendix D.2, the violation of the isochoric plastic flow leads to incorrect stress prediction, especially during the
unloading stage. Many remedies such as the exponential map algorithm [48,84] can fix this issue. In the current work, we opt for
(A.6) because it requires minimum modifications to the original theory [39,40]. A comparison between the resultant FEA prediction
and the analytical solution is shown in Appendix D, where we observe that the isochoric plastic flow is enforced precisely.

Appendix B. Computational algorithms for finite strain elastoplasticity

In this section, we present Algorithms 1-4, which provide the computational procedures necessary to implement the finite strain
elastoplasticity theory outlined in Section 2.
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Algorithm 1: Return mapping scheme for finite strain elastoplasticity.

1 Inputs:

N

“Volume-preserving” part of the back stress tensor, §,;

Volume-preserving part of the elastic left Cauchy—Green deformation tensor, BZ;

3
4 Equivalent plastic strain, a,;

5 Deformation gradients at load steps n and n + 1, F, and F,,,;, respectively;
6 Prediction stage:

7 Compute the relative deformation gradient as f,,; =F,,F,;

-1/3
8 Compute the volume-preserving part of f,,; as f, 1= (J nf " ) f.0
—e —e,t - —e=T

9 Compute the trial version of b, asb, ., =f,.bf, ;
10 Compute the trial version of g, as ﬁn 1 = =1, +1E,,fn o
11 Compute the trial version of @, as a'% | = a,;

12 Compute the trial deviatoric Kirchhoff stress tensor as szr =u dev(

—tr
—-— I' .
13 Compute the trial net stress tensor as &% =57, - dev( B, ),

14 Compute the unit tensor as n,,, | = nn+l = 1/||.f 1||,

15 Compute the parameters /‘n+1 =u tr( )/3 and u ;4"+l = l‘n+1 tr(

16 Compute the trial yield indicator as /7, = ||EF% || — /2/ k( atr, )

17 Correction stage:
18 if f::l <0 then

19 ‘ Set the consistency parameter as 7,,,; = 0;

20 else

21 if the isotropic hardening law (k(a)) is linear then
22 ‘ Compute 7,,,; > 0 with (20);

23 else

24 ‘ Compute 7,,,; > 0 with (21);

25 end

26 end

27 Compute 7, based on (A.6)s;
—e —e —e,tr —tr ~

28 Updateb, asb,  , = dev(an ) - 2<yn+1/;4)y,,+1nn+, +I1,1/3;
— — —tr —tr ~

20 Update Bu1 @ Byut = By +20/3(Fiyyy /1 )P My

30 Update a,,; as a,y = a7> | +1/2/37,,15

str
n+1 )’

—t

ﬁnil >/3;

Appendix C. Derivation of the second elastoplastic moduli

This section derives the second elastoplastic moduli in (26). Taking the derivative of the second Piola—Kirchhoff stress (S, ) in

(23) with respect to the Lagrangian strain tensor (E, ) in (1) yields

vol

—tr

Cep — aSn+1 — asn+| - a(’o*(rnﬂ +20(p (sn+l _4? (p*(n ) ® a/"n+1
ntl aEn+1 aCrH—l aCn-%—l aCrH—l ! m aCn+l (C 1)
97, —tr . 0p*(n,,)
4”n+1(‘0 (nn+1) ® n+1 - 4/'4,,+17n+1 T’H—l
+1 n+1
One immediate next step is to compute the partial derivatives involved in C:il, which are laid out below.
C.1. The computation of dg*(z?})/0C,
Note that
dg* (t7°} 0(Jn+1U C, 1) o, U . ) oC-!
n+1 _ n+ _ C;ll ® M +(J’l+1Ur:+]) n+1_ (C.2)
0Cn+1 aCn+l aCn+l aCrl+1
Substituting
!
01Uy, ) _ 01U, ) 0,4, U ( o )
an+] aJn+1 0Cn+] T "+1 nH
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Algorithm 2: Overall solution scheme for finite strain elastoplasticity.

1 Inputs: Initial state variables, Eg <1, Eo « 0, oy < 0, and u, < 0; Prescribed body force (q), traction (1), and displacement
(w); Prescribed time steps, {1,175, ..., %31, 15 }; Maximum Newton iterations, Ni*T; Absolute and relative tolerances of
Newton iterations, £2° and ¢!, respectively;

2 Initialize the converged time step, 1°°*V « 0;

3 Initialize the time step count, m « 1, load step count, n < 0, and try count, r < 0;

4 while m < M do

5 Initialize the current time step, ¥ « t,,;
6 while <™ <z, do
7 Update the boundary values, @, < ™ q, t,,; < " t, and U,,; < "V u;
8 Compute the previous deformation gradient, F, < I+ Vu,;
9 Initialize the displacement field at load step n + 1 and Newton iteration O, “5.(1)1 —u,;
10 Compute the absolute residual (right-hand side of (30),), affgl ;
11 Initialize the convergence flag, convergence < false;
12 Initialize the Newton iteration count, k « 0;
13 while k < N*t¢" do
14 Compute the current deformation gradient, sz+)1 < I+ Vui’jjl;
trk) k) gtr(l) k) STl =t (k) er ) (k) . . L, e —
15 Compute a(k) > Sl §n+1 IS NN 7MY b and Yoit by providing Algorithm 1 with b, B,, a,,
F,, and F MeH .
(k) (k) - (k) tr,(k) tr(k) =T ~(k) .
16 Compute Pn+1 in (22) and Sn+1 in (23) based on F picy "H(k)’ n o W ,and 7 Pl
. tr(k) gtr(k) =T NG
17 Compute ¢, c3, and ¢, in (27) based on anil , §nfrl s Hupt »and 770
18 Compute 6 in (29) based on f (k) ;
k) (k) (k) tr,(k) tr,(k) tr,(k) —tr,(k)
19 Com;();te Vv : Cn+1 : Véu ' in (31) (as a function of 5u and v) based on F wal? Supl §n+1 IS S T
—tr,
Hyeq s €1 €35 €45 @0 6;
20 Solve (30), , for & (k) b d Vv : @<k> cveu® PP g t du,_,;
12 u ' based on Vv : w L P s by, and U,
21 Compute u(kH) and a U‘H) by providing “(121: ai’j_)l, and 5u5,]21 to the line search scheme in Algorithm 3;
22 Compute the relative re51dual r(k“) 5,]:'11) /a Elll s
23 Update the Newton iteration count, k < k + 1;
24 if a® < e or B < erel then
n+l n+l
25 Update the convergence flag, convergence « true;
26 Break the Newton iterations due to convergence;
27 end
28 end
29 Update the current state variables, B: 1 E,, 415> @uil> Yns1, and u,;, by providing E:, ﬁ,,, a,, F,, “5,]21: OOV oW g 1,
and r to the adaptive loading scheme in Algorithm 4;
30 end
31 Update the time step count, m < m + 1;
32 end
and
aC!
n+1 - 1 -1 -1 -1
=t with (Ic ) =-[c cl) o+ (cl) (C ]
0Cn+1 Ln+ll Lnil ikl 2 ( n+1),k( n+l)jl ( n+l),1( n+l)jk
into (C.2) renders
0p*(TrN)
e, = 2l UmUn) Cot ®Cy = Jun Uyl - (€3)
n
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Algorithm 3: Adaptive line search scheme.

(

1 Inputs: Dlsplacement and absolute residual from previous Newton iteration, u, /| and a 1, respectively; Incremental

displacement, 6un e Maximum iterations and tolerance for line search, N Sea"h and esea“h € (0, 1], respectively;

Initialize the line search parameter, 1321

« 1;
Initialize the iteration count for line search, s « 1;

2
3
4 for s < N%e<* do
5

Update u(k+]) in (30); based on u 6u(k) and lffjr)l ;
6 Compute the absolute residual, a;':”,
7 if a(/:l) < gsearch (k) then
8 ‘ Break the line search due to convergence;
9 else
10 Shrink the line search parameter, l(k> «— l(")1 /2;
11 Update the line search count, s « s + 1;
12 end
13 end

Algorithm 4: Adaptive loading scheme.

1 Inputs: Convergence flag, convergence; Internal variables from the previous load step, B:, ﬁn, and «,,; Deformation gradient
from the previous load step, F,; Displacement in the current Newton iteration, u 1, Maximum tries of the adaptive
loading, N**¥; Converged, current, and target time steps, °°*", /%%, and 7,,,, respectlvely, Load step count, n; Try count, r;

if convergenceis false and r < N'™¥ then

Shrink the current time step, 2% « (¢€°BV 4 f2oV) /2;

Update the try count, r < r+ 1;

Reset the try count, r < 0;
Update the converged time step, t°°* « 2°V;

2
3
4
5 else
6
7
8 Update the current time step, ™% « 1,,;

9 Update the current incremental con51stency parameter, 7,,; < y(+1, and displacement field, u,, R u(k+)1;
10 Update the current internal varlables, 12 [)’,, +1> and a, ., by providing Algorithm 1 with bn, ﬂ,,, a,, F,, and
Fn+1 < I+ vun+1;
1 Update the load step count, n < n+ 1;
12 end

C.2. The computation of dg*(s!" " /0C,

Note that
—e,t - -1/3 273 -1/3
b:-Hr =fn+lb fn+1 = [(Jnfﬂ) f"“] [( ) : be] |:(Jr{+l) f;r+1]
J Je -2/3 C.4
= (M) (F"+1F;1)(Fs(F:)T)( TF",I'H) (C.4)
n
= J,l_fl/anH(FE)_l (Fs) F;,r+1 n_+21/an+l(CE)_lF;ln—+l

due to J, = J¢ (assuming isochoric plastic flow) and J,,,| = J e We recall

n+l

s —ydev( "Jj ) . ~2/3 dev[ w1 (Ch)™ 'FT ]

n+l1 n+l

=ul 2/3{Fn+1(cp) FT %tr[F"H(CP) F, ]I}
= w1 2 (B (€7H = S )
and derive

F- — -2/3 -1
C"*(SZL): 1 st F T _ﬂJ / {(CI;,’) _

n+1 n+1 n+1

[(CE)_I : Cﬂ+1]cn_ll}
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Next, we compute

0p* (st
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0./_2/3

nt1 P\l _ 1[repy-1 . -1 nl Mo -2/3 0 o1 . .
ot (G (GO T b ol TR e | (SRS SRR €5
Substituting
0J 3 oJ
ntl 2 -5/3 00041 _ -5/3 _ =2/3 1
and
5 1 o)™ : € +11
p\-l . -1 _ -1 A | P "
oC,. { [(C") : C”“]CM} Cn ® oC, + [(C") F G oC,,
=¢L e () - [ Gt
into (C.5) renders
0p™ (s, ~2/3 -1 -1, _
ﬁ = _§Jn+1 {(Cp 3[ (c) CnH]Cnil } ® Cn+1
—2/3f e -1 -1,
_§Jn+1/ {Cn+l ® (C};) - [(CE) . Cn+l]ﬂczil }
Regrouping terms yields
09 (s,7)) ~2/3 _ -1 -1, _ _
et =5 el sl o (@) - (€)' € (1, + 5C O CL) ) €7
Based on (C.4), we derive J 2/ 3 (ch)” R (B:i 1) and further compute
HP ( n+1> ® C;+l ( n+l) ® Cn-+1—l +’7;:-1Cn+1 ® C;+1’
n+l ® o* ( n+l) ,,+1 Q" ( n+1) _Z:-lcn-{l-l ®Cn+l’
M7 . Mot —tr
3% (bn+l) (G = gtr<bn+l> = ”;+I'
We then reduce (C.7) to
dp*(sy™ er 1 5
le = ”;+1(”Cn+1 S ntl ®Cn+l> 3[‘/’ (sv5) ® Gty + Gy @ 0" (s3] (c8)
C.3. The computation of aﬁ;:l /0C,1
Note that
—tr
0l_4n+1 a”n+l 1 0 = = E
= = . C.9
acn+1 acn+1 3 aCn+1 tr(f"+lﬁ"fn+l) ( )
According to (C.4), we derive
—tr —e,tr .
i = Su(b) = S0 (B () 'EL ) = S0P )T g
Taking the derivative of 1"} yields
P 23 5
“Fntt _ E n+l —2/3_ p\—1 .
‘)Cn+1 3 [ nH] Cpti 3 "+1 0C, 11 [(Cn) . CH]]
_H 72/3 -2/3 1 (C.10)
_5[ ]( 3 n+] n+])+3Jn+1 (Cp)
uo— 1 -1, _
= L5 - [(CE) :Cou €L )
based on (C.6).
Additionally, we rewrite
-1/3 _ -1/3
il = [00) ) [0) )
(C.11)
= I B (BT, ) = 0 E,
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where we define I', = F; ! ,F, 7. Next, we derive

-2/3 .
tr( n+1ﬁn n+1> J,,+1/ rn . Cn+|

and

[é} -2/3 1 1
o tr( 1Bl H]) 77 [r,, HUE C,,H)CnH] (C.12)

in a similar vein as (C.10). Substituting (C.10) and (C.12) into (C.9) renders

—tr

Rt U [CIREE 1[I A B Vol [P (TSI

For simplification, we further apply the push-forward operator (¢,.) and compute

—tr

O H 1 Iz =27 1 &z =27
P ac:+1 g [fn+lbnfn+1 - gtr(fn+1bnfn+1>l:| - 5 [fn+1ﬁnfn+1 - Etr<fn+1ﬂnfn+1 )I]

—etr

gdev<fn+15jf1—+l) - %dev(fnﬂﬁnfzﬂ) = —dev( il ) - %dev(ﬁ:;)

1 —tr 1 e
=3 [S +1 dev<ﬁn+1>] =3 e
by using (C.4) and (C.11). Finally, we derive

—tr

0Mn+1 _ 1 % [ gtr
aCnJrl 3(p ( )

3 n+l) (C.13)
C.4. The computation of 97,,,/9C,,,

Recall the consistency parameter, 7,.,, is governed by the algebraic equation, G(7,,,) = 0 in (19). Taking the derivatives on (19)
yields

—tr
0II§§+1II h o,  —tr h\ w1 2K 07,
201+ S, STHNITY (D I A B S\ ST Sy c.14
9 < 3 )7"“ o ""+'< )acm 3 9Con €19

and one apparent next step is to compute 9||£* +111/0C,4;. To this end, we consider

IE2 12 =875, 1 &) = 0.0 &)« 0uo* @) = [Conio™ @) [Coni@™E)]

and derive
ollEs 112 09* (&% )
L = 2[Cy @ (€ )C ] T + 207 (5 )C 0F (€ )). (C.15)
aCn-+—l Cn+l

Following the derivation of d¢* (s /9C,,,, from (C.8), we compute

a(l::((:f::—l) - %tr(E"HE"fl—“)(ﬂcﬁl B C’T'H ® Cn+1) 3 [(p ( n+l) ®Cn-+l-l + C_ ® ¢ (Bz:—l)]

and further derive

. ., —t
99" (&) _ _09"(s, B 0(/’%(»6;«11)
acn+l aCn+l aCn+1

(C.16)
_= - 1 1
= Ky (HC; 3Cn+1 ® Cn+l> [(p n+l Cn+l + Cn+1 ®¢ ( n+1)]'

Substituting (C.16) into (C.15) and applying the push-forward operator (¢,) yield

tro 2
w(a”fc—"> g - e L2065 )

Considering
0||§f,fr]||2_0||§f,+]||20||§t+1|| o Mol |I§E+,|I - 5 WA Y
9C,4 ANEZ N 9Cu4 1T 0C,, 0Cuur  201E || 9C,y

we derive

ANEE I\ e .
(9 o = Hn+|nn+l - _”5511 ||(nn+1 : nn+l)I+ ”§t+1 ||nrl+l
aCn+1 3
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We remark that the term ¢, (3]|£"%,||/0C,;) is deviatoric by noticing

ol I =tr
tr|o | =2 )| = Ay ) — ||§ ey 2t + IE [l ) = 0.
aCn+l

Consequently, we can rewrite

gL ollEsE | —or
=d —ontl -7 tr o 2.
“’*( aC,,, i\ 5c,., HpptMpet + 155 Ildevin?, )

which renders

0||§2LII

S = [ + 1652, Idevn2 )] = Ty 07,00 + 1€, " [deviad, ).
n+1

Finally, substituting (C.13) and (C.17) into (C.14) yields

~ tr —=tr
ayn+1 _ 1 allgn#—l“ 2<1 + i)? a'un+l
9C,41 2c ;tr 9C,41 3u ! 0C, 11

1 —tr h \~ 1 ./ptr
= T{ Pt 0" () + 1657, Nl [ devand )] —2(1 +§)yn+1[§w ( LJ]}

2COMVI+1
1 —tr 2 h
- f{ [u,m : <1 N 3M>yn+1||§;:1||]<p () + IE Il [dev(nm)]}
2¢H,,,
where we define
=1+ h + K
0= .t =
3” —tr
3Mn+1

C.5. The computation of d¢*(n,,,;)/9C,,

Based on the chain rules, we write out

op* PHERD 00* (7% )
4 (nn+1) _ 0 |: n+1 n+1 (p*(52i1)®

151 sl
0C,y1  9C, | NIEZ I ||::f,:.||2 T 0C,, '

aCrt+1

Substituting (C.17) and (C.16) into (C.19) renders

—tr

0(9*(11”1) ﬁnﬂ ( 1 .
= le-1 = 3Gy )——[ c!t+cC * ]
9C,s e el 736 8 ) =3[0 ) @ G+ €y @9 ()
—tr
”n+l

e P*(,41) ® *(0,,1) = 9* (1) ® @ [deV(nﬁﬂ)].
+1
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C.6. Complete expression of the second elastoplastic moduli

Substituting a<p*(r"°1 )/0C,, from (C.3), d9*(s%%,)/0C,,, from (C.8), ayn+]/0C,,+1 from (C.13), 07,,,/9C,,, from (C.18), and
dp*(n,,,)/0C,, from (C 20) into (C.1), we finally derlve

®C!

n+1 n+1

Cep = Jn+l(Jl1+lU ),C

n+l

=2 Uy, et

+20,51 ("C; Cn-il—l ® Cn+l) - %[(px( n+l> ®C,, +C ®¢ ( n+l)]

4.
=37 1€ l@*(,41) ® @*(n,1 )

2 ., —tr 2 h
—aq’*(nnﬂ)‘@{[ﬂn“ 3<1+3 >n+1||§ 1||](p(nn+.)+||5 ® llg* [dev(nn+1)]}

—tr 2/\
4(”n+1) Yn+1 1 |
—— (- C C )
“524.1 “ ( Cnil 3 n+l ® n+1

4§ Tut1
LD [ (0,11) © €y + Gy © 07 ()]

=tr \2_
4(ﬂn+1) Vi1
tr
€5 1

Regrouping terms renders

§ —tr ~
O @1 @ 0 () + 4Ty T 07 () @ " [devia? )]

—tr 2 —tr
Hpy C1Hyy 1 1
3 + 3 Cn+l ® Cn+l

—tr
cp = (2 - 2¢Finy =20, U, )uc_l T G U7, Y -

2esmec + 6L oesm)]| + o) e L + €L @0 @)

n+l n+1

—3¢0" (1) ® @* (1) — 40" (M) @ @ [dEV(nn+1 ]

with ¢;, ¢;, and ¢, defined in (27). To ensure the major symmetry of C:i , for computational benefits, we manually symmetrize its
last term by following Simo [40] and derive the expression in (26).

Appendix D. Verification of FEA implementation for finite strain elastoplasticity

In this section, we compare the FEA and semi-analytical solutions for a 3D column under uniaxial cyclic loadings. Through this
—e
comparison, we aim to demonstrate that the proposed formulae in (A.6) for updating b ensure the isochoric plastic flow (JP = 1),
and consequently, the FEA solution matches the semi-analytical solution exactly.

D.1. Construction of the semi-analytical solution

For the simplicity of the semi-analytical solution, we assume no hardening occurs (k(«) = o, and h = 0) when the material yields.
At any time, the deformation gradients can be expressed as

AP 2
4 1 5
F= At | FP = N Ol and F° = AV .
A . 1
AT/ AP
N7 vE

Here, the variables A, 4%, and AP represent the total applied stretch, total lateral stretch, and plastic stretch (Fig. D.1(a)), respectively.
Note that the above deformation gradients satisfy the requirements of F = F¢FP and det(FP) = 1. Based on the elastic deformation
gradient (F¢), we compute

2

i 2/3 1 AN T
ity [o(4) - 20"
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(a)

—_—
O
~

Total applied 1.2
stretch (4, = 1) z
o 0.6
Total lateral §
stretch (1) £ 0.0
5
< -0.6
¢ Plastic stretch (1°) =
<
e e —125 1 2 3 4
2 3 Stretch, A1
(c) I
2.0 10 ]
~ ) il
< 103 o
2 ;/
1.5
s =~ 102 e
o P &
© = e
2 S 10
© 1.0 n
E 100——I—!/:: OO OO OO0 OO D-0-C
= : A [Isochoric plastic row]
: | -1 : ‘ ‘
0'50 5 10 15 20 10 0 5 10 15 20
Load steps Load steps

—e— Analytical —#— FEA (this work) ~ —m— FEA (classical)

Fig. D.1. Comparison between the FEA and semi-analytical solutions. (a) Tested mechanical setups. (b) Kirchhoff stress—stretch (z;,-4,) curves. (c)
Evolution of the total lateral stretch (4'). (d) Evolution of the determinant of b .

and derive the components of the Kirchhoff stress tensor (z) as

e T N A A B R E
Tll‘”‘”‘?[”’(ﬂ “wrli) |

2/3 4/3
U AL 1 A
== U+ 3 [AP<7> T ey (ﬁ) ]

where J = A(A1)? is the total volume change.

During the elastic loading/unloading process, the Kirchhoff stress conforms to 7,, = 733 = 0 for given 4 and 4,. We can then
compute 4, from

TS P R B A I
Sl 1]+3[,1P</1> (AP)Z(AJ =0 (D.1)

with the choice of U(J) in (5). When the material yields, the Kirchhoff stress satisfies 7, = *o, (the sign depends on the loading
direction) and 7,, = 753 = 0 for given A. We can then analytically compute A® as

26 1/4
,11=L<1J_r_y> (D.2)
3k

Vi
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and solve for AP from

2/3 4/3
A 3 % o2 A
A P 4 (P _<_> =0. D.3
< 7 ) (4P) u (4P) /11 (D.3)
Note that the expressions in (D.1), (D.2), and (D.3) construct the semi-analytical solutions for predicting the finite strain elastoplastic
responses of materials under uniaxial cyclic loadings.

D.2. Comparison between the FEA and semi-analytical solutions

Next, we compare the semi-analytical solutions described above with the FEA predictions based on the theories in Section 2. As a
reference, we also include FEA predictions derived from the classical theories in Simo [39,40] that utilize (14), to update b’ . Without
loss of generality, we adopt dummy material constants, E = 1 MPa, v = 0.3, and ¢, = 0.2 MPa, where E is the initial Young’s modulus
and v is the initial Poisson’s ratio.

The comparison results are shown in Fig. D.1(b)-(d), which illustrate the Kirchhoff stress component (z,), lateral stretch (1),
and the determinant of Be, respectively. Based on the comparison, the FEA predictions in this work ensure isochoric plastic flow and
demonstrate good agreement with the semi-analytical solutions, as evidenced by the small absolute 2-norm errors: 1.56 x 1071 for
7,1, 776 x 10! for 4%, and 7.95 x 10-'° for det(b’). Conversely, the classical FEA initially aligns well during the loading stage but
fails to ensure isochoric plastic flow. It also leads to significant deviations from the analytical solutions after unloading occurs. This
limitation renders the classical FEA unsuitable for structures experiencing non-monotonic loadings, such as the dampers under cyclic
loadings discussed in Section 4.1.

Appendix E. Convergence, precision, and computational time of FEA

In this section, we examine the computational aspects of FEA, including convergence, precision, and computational time. Using the
optimized damper under multiple-cycle loadings in Fig. 6 as an example, we present the required Newton iterations for convergence
in Fig. E.2(a). For most load steps in FEA, whether during loading or unloading, convergence is achieved in fewer than 10 Newton
iterations. However, at critical load steps corresponding to transitions between loading and unloading, it requires 10-25 iterations
to converge.

Table E.2
Comparisons of the performance metrics among various meshes and elements.
Initial stiffness ~ End force Total energy
Meshes Elements Usage (N/mm) N) (N-mm)
Voxel-based, structured Quadrilateral Topology optimization 10.25 10.03 14.31
Body-fitted, unstructured Quadrilateral Manufacturing 10.72 (4.59 %) 10.15 (1.20 %) 14.43 (0.84 %)
Voxel-based, structured Triangular Checking stiffening 9.88 (—3.61 %) 9.26 (—7.68 %) 13.39 (-6.43%)
Table E.3
Computational time of FEA for representative design cases.
Optimized designs Element counts DOF counts Process counts Time per iteration
Damper in Fig. 6 15,000 30,502 8 0.07 s
Beam (Dsg. 4) in Fig. 7 14,400 29,402 8 0.06 s
Bumper in Fig. 10 138,400 469,491 16 11.82s
Profiled sheet (Dsg. 4) in Fig. 12 28,800 110,715 16 1.94s

To further illustrate the convergence and precision of FEA, we highlight four representative load steps in Fig. E.2(a) and show
the evolution of the relative residual (right-hand side of (30),) at these steps in Fig. E.2(b). For most steps, such as steps 60 and 100,
the residual converges quadratically due to the algorithmic elastoplastic moduli in (28) and the proposed interpolation schemes in
(34) and (35). For transitional steps, like steps 66 and 156, a line search (Algorithm 3) is activated in the initial iterations to reduce
the residual. Once the residual reduction trend is established, quadratic convergence resumes. Notably, as shown in Fig. E.2(b), the
residuals for all load steps eventually converge to the prescribed tolerance (set to 10~ here).

After discussing convergence and precision, we now focus on the computational time of FEA. For representativeness, we analyze the
most complex design case in each example presented in Section 4. Computational performance is tested on a workstation equipped
with an AMD Ryzen Threadripper PRO 3995WX CPU featuring 64 cores and 256 GB of memory. The results are summarized in
Table E.3, where we provide the finite element, degree of freedom (DOF), and parallel process counts, along with the average
computational time per Newton iteration in the final load step.

It is evident that the 2D designs (damper and beam) require less than 0.1 seconds per Newton iteration due to the parallel
computing capabilities provided by FEniTop [59]. The profiled sheet takes around 2 seconds per iteration, while the bumper design
takes around 12 seconds per iteration due to a large DOF count. This high computational demand for the bumper can be reduced by
exploiting symmetry and analyzing one quarter of the domain.
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Fig. E.2. Convergence and precision of FEA. (a) Required Newton iterations for convergence at each load step in FEA. (b) Evolution of the relative
residuals at representative load steps marked in (a).

Appendix F. History-dependent sensitivity analysis and verification

In this section, we present the sensitivity analysis for finite strain elastoplasticity. Following the blueprint provided in Jia et al. [38],
we begin by defining the global vectors for the design and state variables as well as the residuals. After that, we derive the sensitivity
expressions with the reversed adjoint method and automatic differentiation. Finally, we verify the derived sensitivity expressions
through a comparison with the forward finite difference scheme.

F.1. Global vectors of design variables, state variables, and residuals
In this subsection, we define the residual vectors used in the sensitivity : analy51s Based on the local and global governlng equations
in Section 2, we identify five groups of independent state variables as b . bN, BiseisBys @pseees @y Praees Ty and wy, .. upy.

Correspondingly, we define five groups of residual expressions as

tr

e,tr 2; 1
,H.]({C} bn+1’yn+l’ n+1’bn’ﬁn’ u,) = _dev( 1 ) + Tyn+1nn+l - §III =0,
2
B .5 a ~ — — — —tr Myl ~
r,H_]({g}sﬁn-H’Yn+l,un+l>bn7 ﬁn’un) = ﬁn+1 - ﬁn+1 - 3—/:'y"+]n,,+1 =0,
~ 2. F.1
rz+1(an+l’yn+1’an) =04 — a;—il - \/g}/r&l = O’ ( )

5 = A —e — ~ ~ ~ —tr h \A 2 2A
P (T Pt W 1B B @y 0) = P 1 C) = T [Il-fﬁil =27, (1 + 5)7;;4-1 - \/;k< o+ \/;m])] =0,

P,. :VvdX—/ anﬂvvdX—/ t, - vdX =0,
0 Q o

_ L
r:+1({C},yn+.,un+1,bn,ﬁn,un>=/

Q

where {¢} = {E,El, ,ENmat } is a collection of the physical design variables. We remark that, in contrast to Jia et al. [38], here we
treat 7, ...,7y as independent state variables and incorporate its residual in (F.1),. This treatment allows us to consider nonlinear
isotropic hardening laws such as (13) where 7;, ..., 7y typically have no analytical expressions.
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Fig. F.3. Sensitivity verification for various functions used in Section 4. (a) Initial energy of Dsg. 4 in Fig. 7. (b) End compliance of Dsg. 4 in Fig. 12.
(c) Total energy of the optimized damper in Fig. 6. (d) Total material volume of Dsg. 4 in Fig. 7. (e)-(h) Volumes of materials 1-4 of the optimized
bumper in Fig. 10. (i)-(k) Price, mass density, and CO, footprint of Dsg. 4 in Fig. 12.

In the context of FEA, we reformulate (F.1) into global residual vectors expressed as

RP ({2} VP .V U, VP Ve, =0,

n+l n+l’ " n+l’

R (). VP VU,V VE ) =0,

n+1’ " n+
n+1

TRE VLV V) =0,

R {21V, U,V Ve veu) =0,

n+l1 n+1’

R ({C1.V! .U, VP VI U,)=0 39

n+1’
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In these expressions, we define {£} = {p,£,....,&xus } as a collection of global vectors of physical design variables, where ¢, is the
physical design variable of finite element e. Additionally, the variable VP for n=1,..., N is the global vector of Bi defined as

Be —e,V T —e,V T T
Ve = (b)) s (B )
where Bj’iv fori=1,..., NP* is the vector form of BZ ; expressed as

Bi’v = [(B:”')n’ (B'e’v")lz’ (B'e"">13’ <B:v")22’ (Bi”'>23’ (Bj‘)ﬂr

Here, subscript / is the count of integration points used in FEA, and NP* is the number of all integration points. Similarly, the variable
Vf forn=1,..., N is the global vector of E,, defined as

VnE = [(521 )T* B (EZ,NP‘C )T] '

-V . f—
where g, , for i = 1,..., N?* is the vector form of §,; expressed as

Bri=[(Bus),  (Bus) o (Bus) o (Bus) o (Bus) o (Bus). ]

The variables V% and Vi for n=1,..., N are the global vectors of @, and 7,, respectively, which are defined as
@ _ T 7 _ I A~ T
V" = [an,la ’“ni,Npt] and V,, = [Yn,l, s }’n,NPt]
Finally, the variable U, for n =1,..., N is the global vector of u, defined as
T
Un = [(un)l.x’ (un)l,y’ (un)l,z’ s (un)N“"de,x’ (un)N“"de,y’ (un)dee,z]

where subscripts x, y, and z represent the three components of (u,,) ; for j =1,..., N9 and N=°¢ js the number of nodes in FEA.

F.2. Sensitivity analysis

After defining the global vectors of design variables (p and El, ,ENmat ), state variables (VEe, Vf , Ve, V!, and U,), and residuals

—e R
(R;’ 1 Rf 0 RO RZ 41> and RY ), we proceed with the sensitivity analysis for finite strain elastoplasticity. We consider a general
function

- %  yb b yh B . v 7.
F@.&1s s Enmaes VY o, VS VL VS VE L VS VL VUL U )
and write out its Lagrangian expression as

N N
~ Be Ee = i ~ ~
7?=F+Z(/ln ‘RP +/lff~Rf+1f,‘-RZ+/lz~Rz+/l;‘~R‘;)=?+Z/1n-Rn,
n=1

n=1

where we define
e T ;T AT T
b= () () T (8) )| or =
and
Rn:[(REe)T,(RE)T,(RZ)T,<RZ)T,(R‘;)T]T for n=1,.. N.

The variables ,1:’, s lnﬁ, A /lf, and A} forn=1,..., N are the adjoint vectors that take arbitrary real values for now.

Taking the derivative of 7 with respect to ‘e {7),21, ..., Enmat } derives

A Noov \! N1/orR N [(ov._,\ /R, \T [av,\ /orR \T
ro3 () 5(2) () ) (2) @)
¢ o¢ =\o¢c) Ve =\ o oc Vv, ac oV,
Here we define
—e\T , T AT T
V= [(68) L 00) v () )] or =0,

and note that V) represents the initial conditions.
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Regrouping the terms in dF/d¢ renders

~ N T N-1 T
oR v
ar _ £+Z<_n> 1#2( )
n=1

alln T aRn+l T JF
yl yl Z
(ov,,) nt < oV, nit v,

¢ o =\ o 3 -
aVy \ [/ oRy\T "
+ __N ( _N > A N + i s
o oV y aVy
where we use 9V, / o = 0. Note again that A,, ..., Ay are arbitrary, and we select their values to eliminate computationally expensive
term, 0V, /0¢ =0 for n =1, ..., N. This step leads to the adjoint equations expressed as
oR,\ " oR,, \ "
) 4,4 (S) 4 == for n=1. N1,
av, av, av,
T (F.3)
Ry, __9F
oVy ) N avy’
where
— —e —e - B Ee Be Be ]
I 0 0 aRL) 6RB al{n+1 aRV1+1 0 0 aer-ﬁ—l
avi oy, oy avE 2
3 5 B B B
o 1 o oR?  oR! R, R, o o R
ovi 9V, ovP avh U,
R, OR® OR,, | oR?
=l 0o o0 1 n 0 and ——— = 0 0 —=L 0
v, oV av, ave
ovi oy, v gyP Vi U,
n
u u
0 0 0 aRf aR" 0R:+ 1 0R‘;+ 1 0 0 BRL 1
L ovi, U | | ovP avP U |
Based on (F.3), we compute the adjoint variables (12 s AE, A, li, and 4, for n=1,..., N) in a reversed order as follows. At load
step N, we directly write out A‘I’V s ,17;/, and 1%, as
e 9F P O and g =-T
b B vy
avy vy,
We then solve for /lfv and A}, from
s\ T =\ 7\ T
u — a
oR’, JRY, ) CLa R I L R R
=~ = y =~ = = =
Ve, v, Ay ovi, lavi ) N vl | Y evi ) Y
7\ T - RY 7\ ' o
aRN aRN 1‘[‘\] oF N 0RN /%Be N BRN 15
Uy oUy Uy |aUy | "N T|auy | ¥
At the remaining load steps, n = N — 1, ..., 1, we write out /IEE, /IE, and 1 as
Y 5\ Y u \T
»° _ JIF alzn+l » aRnJrl B al{nJrl ? aRnJrl u
;l’n - Ee + Be ;Ln+l + Be n+1 + Be )'n+l + Be )'n+1 ’
avh | ovh VP avP avP
_ R ) . (oR? ) - (oR e\
< Aﬂ = - a_r + __nl b + n+l B ntl 7 + n+l u
n = E E n+1 E n+1 E n+1 ri n+l |’
avl | avF avh avh avP
_ oR* \ ' ok
20 = _ JF + n+1 LI n+1 i?
n avz avz n+1 avz n+l |
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and then solve for AZ and A} from

SN T T AW 7\ T
7 ORY JR e oR = JR?
Ry I PR e RS PR e 15+< f)x:
A v, n v’ v’ v’ v’
T T =7 —e\T \T (F.5)
u ~
> (&> K L s P A
U, ou, ou, " ou, |au, | "|au, | "
where
—e \T = \T o AT
o b B 7 T

oF aRnH » aRn+1 B aRnH 7 6R:+1 u
- 'ln+l inJrl + j'nJrl + anrl'

ou, ouU, ou, ou, ou,

After solving for the adjoint variables, we substitute them into (F.2) and derive the sensitivity expression as
T \T
b _ B _ 2 T u\ T
B° JR JR 5 JR
dr _or  sol| R |5 R Af+(—_"> x:,+<—_"> el
¢ o || o¢ 79 79 o¢
where we use JR? /0C = 0 and dF/d¢ = dF/d¢ by noticing
b° b _ ;8. P — _ 7. R7 = _
AR =2 R RE=AT-RT=1"-R!=0. (F.6)

We remark that, by using the modern computer method of automatic differentiation, one can effortlessly compute all the above partial
derivatives without deriving their explicit (and typically complex) expressions.

E.3. Sensitivity verification

In this subsection, we verify the accuracy of the sensitivity analysis described in Appendix F.2 by comparing it against the forward
finite difference method. Using the finite difference scheme, the sensitivity of any function 7 with respect to the physical design
variable ¢, of element e for { € {p, &, ..., Ene ) is computed as

dF TG to)-FC)
dc, &
where £ € [1079, 107*] is a small perturbation parameter.

According to this formula, we compare the sensitivities of all objective functions (Jgyi¢s> Jorce, and Jenergy) and constraint
functions (g, &1, &2, &v3> &va> &p> &> and g¢) employed in Section 4. For representativeness, the comparisons are focused on
the most complex cases: Jqper,, for the optimized damper in Fig. 6; Jg,i¢¢ and gy for Dsg. 4 in Fig. 7; gy, g2, g3, and gy, for the
optimized bumper in Fig. 10; and J¢,,ce, &p> &4 and g for Dsg. 4 in Fig. 12.

To perform the comparison, we use stratified sampling of all design variables and present the results in Fig. F.3. The proposed
sensitivity analysis in Appendix F.2 shows good agreement with the finite difference scheme. The observed absolute errors (e,)
are in the range of [107!!,107%], while the relative errors (e,;) are in the range of [1078,107#]. This verification demonstrates the
reliability of the proposed sensitivity analysis, irrespective of the complexity introduced by the history dependence of finite strain
elastoplasticity.

Appendix G. Comparisons among various mesh and element combinations

In this section, we compare the elastoplastic responses of structures defined with various meshes and elements. The proposed
topology optimization framework favors a voxel-based mesh, where the grid in the undeformed configurations of structures is fixed
during optimization, and solid and void elements coexist. However, for practical manufacturing purposes, a body-fitted mesh is more
suitable for generating printable files (e.g., the STereoLithography format), as the mesh boundaries closely align with structural
geometries and only contain solid elements.

To evaluate the accuracy loss when converting optimized designs from voxel-based to body-fitted meshes, we take Dsg. 5 in Fig. 7
as an example and compare the elastoplastic responses in Fig. G.1 and Table E.2. The results show that, compared to the design
defined on a voxel-based mesh with quadrilateral elements, the structure defined on the body-fitted mesh with the same elements
exhibits negligible relative errors: 4.59 % in initial stiffness, 1.20 % in end force, and 0.84 % in total energy. These results justify the
use of voxel-based meshes in the proposed framework.

In the context of finite strain elastoplasticity, we also need to examine the element types, as certain mesh and element combinations
may exhibit over-stiffening behaviors in structures [85,86] due to the isochoric plastic flow, despite the limited compressibility from
elasticity. To mitigate these over-stiffening behaviors, higher-order and crossed linear triangular elements [86] have been identified
as simple and effective strategies. However, both strategies are computationally expensive.

42



Y. Jia and X.S. Zhang Computer Methods in Applied Mechanics and Engineering 449 (2026) 118445

(a) Meshes and elements (b)  Material phases (c) Elastic/plastic regions (d) Force-displacement curves
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Fig. G.1. Comparisons among various meshes and elements. (a) Compared meshes and the associated finite elements. (b) Material phases. (c)
Elastic/plastic regions. (d) Force-displacement (F-u) curves.

In this study, we opt for first-order quadrilateral and hexahedral elements to reduce computational time. As shown in Fig. G.1 and
Table E.2, the performance metrics of the current setup remain close to the “golden setup” of crossed linear triangular elements for
plasticity [86], with relative errors below 10 %. Additionally, we emphasize that the proposed design framework is independent of
mesh and element types, especially with the versatile implementation of FEniTop [59]. Users have the flexibility to balance solution
accuracy and computational cost based on their specific requirements.
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